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MULTIPLE SOLUTIONS FOR p(z)-KIRCHHOFF TYPE
PROBLEMS WITH ROBIN BOUNDARY CONDITIONS

GHASEM A. AFROUZI, NGUYEN THANH CHUNG, ZOHREH NAGHIZADEH

ABSTRACT. This article considers p(z)-Kirchhoff type problems with Robin
boundary conditions. Using the mountain pass theorem, the Ekeland’s varia-
tional principle, and Krasnoselskii’s genus theory, we prove that the problem
has at least two nontrivial weak solutions or infinitely many nontrivial weak so-
lutions under some suitable conditions on the nonlinearities. The main results
improve and generalize the previous ones introduced in [2] [7].

1. INTRODUCTION

In this article, we study the existence of weak solutions for p(z)-Kirchhoff type
problems with Robin boundary conditions

1 (z) . _
- M / — |VulP®) gz + E0uP®) doy ) div (|VuP®) 2wy
(¥ o )1 ) v (19 )

:f(x,u)+)\g(x), z €1, (11)

0
VU2 L ) =0, € 00,

where Q is a bounded domain in RY with smooth boundary 952, % is the outer

normal derivative, do, is the measure on the boundary 99, f € L*(99Q), f~ =
infyean B(z) >0, p e C1(Q), 1 <p~ :=inf gp(r) <ph :=max gp(x) <N, A
is a nonnegative parameter, f : @ x R — R and M : Rt := [0, +c0) — R* are two
continuous functions, g :  — R is a measurable function.
Problem is related to the stationary version of the Kirchhoff equation

0%u Py E [* 0u, 0%u

P o2 ( n tar 0 |8x| dx) ox? 0 (12)
presented by Kirchhoff in 1883 as an extension of the classical D’Alembert wave
equation for free vibrations of elastic strings, see [22]. The parameters in (|1.2)
have the following meanings: L is the length of the string, h is the area of the
cross-section, F is the Young modulus of the material, p is the mass density, and
Py is the initial tension. Problem is often called a nonlocal problem because
it contains an integral over €). This causes some mathematical difficulties which
make the study of such a problem particularly interesting. The nonlocal problem
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models several physical and biological systems, where u describes a process which
depends on the average of itself, such as the population density, see [§].

Kirchhoff type problems have been studied in many papers in the previous
decades. In [7, 13| 211, 24, 27, 28], using various methods the authors study the
existence and multiplicity of solutions for Kirchhoff type problems involving the
p-Laplacian operator —A,(-) = —div(|V - [P72V+). The p(z)-Laplacian operator
where p(-) is a continuous function possesses more complicated properties than the
p-Laplacian operator, mainly due to the fact that it is not homogeneous. The
study of various mathematical problems with variable exponent are interesting in
applications and raise many difficult mathematical problems, see [23 25]. For
this reason, ordinary differential and partial differential equations with nonstan-
dard growth conditions have received specific attention in recent years, we refer to
some results on p(z)-Kirchhoff type problems with Dirichlet or Neumann boundary
conditions [Bl, O] [T0, 12| 4], 15, 20]. Relatively speaking, Kirchhoff type problems
with Robin boundary conditions have rarely been considered. Robin boundary
conditions are a weighted combination of Dirichlet and Neuman boundary condi-
tions and it is also called impedance boundary conditions, from their application
in electromagnetic problems or convective boundary conditions from their applica-
tion in heat transfer problems. Moreover, Robin conditions are commonly used in
solving Sturm-Liouville problems which appear in many contexts in sciences and
engineering, see [I6]. To the best of our knowledge, Allaoui [2] first introduced
the p(x)-Kirchhoff type problems involving Robin boundary conditions and studied
problem in the case A = 0 by using the mountain pass theorem, the fountain
theorem and some properties of (5) type operator. Regarding the p(x)-Laplacian
problems with the Robin boundary conditions in the local case when M () = 1,
we refer to some papers [I} [3 16l 19] [26], in which some existence and multiplicity
results were obtained by using variational methods. Motivated by above mentioned
papers and the results on the Kirchhoff type problem involving Laplace operator
—A(+) in [7], the purpose of this article is to consider Robin problem with
perturbation g and parameter A\. More precisely, under some suitable conditions on
the nonlinear term f and the Kirchhoff function M, we prove that problem
has at least two weak solutions if A > 0 small enough, see Theorem In the case
when A = 0, we prove problem with subcritical growth condition has infinitely
many solutions, see Theorem [2.7} Our proofs are essentially based on the mountain
pass theorem [4], the Ekeland variational principle [I8] and Krasnoselskii’s genus
theory [I1]. We emphasize that the results introduced here are new even in the
case when p(-) is a constant and we do not need the non-degenerate condition on
the Kirchhoff function M as in [2] [7], see assumption (Al).

Next we recall some definitions and basic properties of the generalized Lebesgue-
Sobolev spaces LP(*)(€2) and WP(®)(Q) where  is an open subset of RV, In that
context, we refer to the books [I7, 25] and the papers [I} 16, 19, 23]. Set

C(Q) :={h; h € C(Q),h(z) > 1 for all x € Q}.
For any h € C(Q) we define

ht =suph(x), h~ = inf h(x).
r=te} zeQ
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For any p(x) € C+(Q), we define the variable exponent Lebesgue space

LP@(Q) = {u measurable real-valued functions such that / lu(z)|P™®) da < 00}
Q

We recall the following so-called Luzxemburg norm on this space defined by the
formula

U] Lo (@) = |Ulp(a) —1nf{)\>0 / | |p @ da < 1}

Variable exponent Lebesgue spaces resemble clabblcal Lebesgue spaces in many
respects: they are Banach spaces, the Holder inequality holds, they are reflexive if
and only if 1 < p~ < p™ < +oo and continuous functions are dense if p™ < +o0.
The inclusion between Lebesgue spaces also generalizes naturally: if 0 < |Q] < 400
and p1, ps are variable exponents so that p;(z) < pa(x) a.e. x € ) then there exists
the continuous embedding LP2(*)(Q) — Lpl(””)(Q). We denote by LP'(*)(Q) the
conjugate space of LP(*)(Q), where p(i) + = 1. For any u € LP(*)(Q) and

v e LP @)(Q) the Holder inequahtles

’/uvdw’ < )|u|p(m ‘U|p "(z) < 2\u|p |U|p/(:c)

hold. An important role in mampulatlng the generalized Lebesgue-Sobolev spaces
is played by the modular of the LP(*)(Q) space, which is the mapping Pp(z)
LP®)(Q) — R defined by

P (I)

%@wwaéwwﬂm.

If u € LP(®)(Q) and pt < +o0 then the following relations hold

|u\§(;) < Py (1) < Julp m), (1.3)
provided |ul,(g) > 1 while
N
[ul? ) < Poay () < Julb, (1.4)
provided |u,) < 1 and
|tn = ulp@) =0 < ppa)(Un —u) = 0. (1.5)

If p € CL(Q) the variable exponent Sobolev space WP(*)(Q), consisting of
functions u € LP(*)(Q) whose distributional gradient Vu exists almost everywhere
and belongs to [LP®) (Q)]V, endowed with the norm

|| := inf {A >0 /Q [y V“A(x) P 4 |@|p“)} dr < 1}

or
[ull = lulp@) + [Vulpa),
is a separable and reflexive Banach space. The space of smooth functions are in

general not dense in WP (Q), but if the exponent p € C,(Q) is logarithmic
Holder continuous, that is,

M

1
—— Vz,yeQ, lz—y| < =,
og(lz — o)) roulsg
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then the smooth functions are dense in WP(®)(Q). The space (Wol’p(gc)(ﬂ), 1)
is a separable and Banach space. We note that if s € C () and s(x) < p*(z) for
all € Q then the embedding

Whr@)/(Q) s L5®(Q)

is compact and continuous, where p*(z) = A],V_pz()z) if p(x) < N or p*(z) = +o0 if
p(x) > N. If s € CL(09) and s(x) < p.(z) for all z € 0N then the trace embedding
WhrE)(Q) — L) (9Q)
is compact and continuous, where p,(z) = % if p(x) < N or p.(z) = +o0 if
p(x) > N. Moreover, for any u € W) (Q), let us define
[ullo = [Vul L@ @) + Ul L@ 90y

then |lul|s is a norm on WP (Q) which is equivalent to the norm ||u||, see [16]
Theorem 2.1].

Now, let us introduce a norm which will be used later. Let § € L*(92) with
B~ =infeoq B(x) > 0, and for any u € WHP#)(Q), define

ullga) = inf{)\ >0 :/ |V“T(x)y”<’”) da:-i—/ ﬁ(x)\@ﬁ"”) dog dz < 1},
Q o0

where do, is the measure on the boundary 9. Then |u| g, is also a norm on
WLP)(Q) which is equivalent to || - || and || - ||5. Let

Iz (u /|Vu\p I)das—k/ B(z)|ulP® do,,

we have - .
||“Hg(m) < gy (u) < H“”Ié(z) (1.6)
provided [|ul[g() > 1 while
+ _
ullft,y < Too () < Nl (17)
provided ||ul[g() < 1 and

Proposition 1.1 (see [19]). For § € L*°(9Q) with 8~ := infiecpoq B(x) > 0, let us
define the functional Lg ) : wirE)(Q) = R by

1 B(z)
Ly (1) :/ L VupP@ da +
2= o o )
for all u € WHP(®)(Q). Then Lg(,y € C* (WP (Q),R) and its derivative is given
by

[uP® do, (1.9)

B /|Vu|p @)= 2uvdx+/ B(z)|ulP®2uw do,. (1.10)

Moreover, we have the following assertions
(i) Ly - s WhP@(Q) — WLPE)(Q) ds a continuous, bounded and strictly
monotone operator;
(i) L, : WhrE)(Q) — WP (Q) is a mapping of type (S)4, i.e. if {un}
converges weakly to u in WHP(®)(Q) and lim sup,,_, L’B(I) (up)(unp—u) <0,
then {u,} converges strongly to u in WHP(®)(Q).
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In the rest of this section, we introduce some notions and results on Krasnosel-
skii’s genus theory, the readers can consult [0, [[T]. Let Y be a real Banach space.
Let us denote by R the class of all closed subsets A € X\{0} that are symmetric
with respect to the origin, that is, v € A implies —u € A, i.e.

R ={ACY\{0}: Ais compact and A =—A}.
Definition 1.2. Let A € R and Y = RY™. The genus v(A) of A is defined by
v(A) = min{k > 1: there exists an odd continuous mapping ¢ : A — R*\{0}}.
If such a mapping ¢ does not exist for any k& > 0, we set y(A4) = +o0.

Note that if A is a subset, which consists of finitely many pairs of points, then
~v(A) = 1. Moreover, from the above definition, v(f)) = 0. A typical example of a
set of genus k is a set, which is homeomorphic to a (k — 1) dimensional sphere via
an odd map.

Proposition 1.3. Let Y = RN and 09 be the boundary of an open, symmetric
and bounded subset @ C RY with 0 € Q. Then we have v(92) = N.

Let us denote by S the unit sphere in Y. It follows from Proposition [I.3] that
y(SN=1) = N. If Y is of infinite dimension and separable then v(S) = +oo.

We now recall an application of Palais-Smale “compactness” criterion, which was
introduced by Clark [TT].

Proposition 1.4. Let J € CY(Y,R) be a functional satisfying the Palais-Smale
condition. Furthermore, let us suppose that

(i) J is bounded from below and even;

(i) There is a compact set K € R such that yv(K) = k and sup,¢x J(x) < J(0).
Then J possesses at least k pairs of distinct critical points, and their corresponding
critical values are less than J(0).

2. MAIN RESULTS

2.1. Existence of at least two solutions. In this part, we consider problem
in the case when A > 0. Under suitable conditions on the nonlinear term f and the
Kirchhoff function M, we prove that has at least two nontrivial weak solutions
in the space X. Our idea is to apply the mountain pass theorem in [4] combined
with Ekeland’s variational principle in [I§] to the energy functional J associated
to problem when A > 0 small enough. For this purpose, let us assume that
M :RY - Rt and f: Q@ x R — R are continuous functions, and introduce the
following conditions:

(A1) There exist constants my,ms > 0 and 1 < a < ¢~ /p* such that
mit®t < M(t) < mot®!

for all t € R* := [0, +00), where ¢~ = inf__5q(z), ¢ € C+(Q) is given by
assumption (A2);
(A2) There exists a positive constant C' such that
[Fle Dl SCOA+[H7T), W@ 1) e QxR
where ¢ € C(Q), p(z) < q(z) < p*(z) = 1\][\358) for all z € Q;
(A3) f(z,t) = 0(|t|°‘p+*1), t — 0, uniformly a.e. x €
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(A4) There exists a constant y > % such that

t

wF(z,t) = u/ flz,s)ds < fz,t)t, ¥Y(x,t) € QxR;

0
(A5) inf{xEQ; |t|=1} F(l’,t) > 0.
Definition 2.1. We say that v € WP(*)(Q) is a weak solution of problem if
1 Blx)
M / —— |VulP® dzx + [u[P® do
(7 p() )

o T o P

/|Vu|p(z)72Vqud:17+/ ﬂ(x)|u|p(“’)72uvdaz)
[219)

/fxuvdscf / g(z)vdz =0

for all v € WLP(Z

The first result of this article is stated as follows.

ap+
Theorem 2.2. Suppose that g € LerT=1(Q) and g # 0. Let conditions (Al)—
(Ab5) hold, then there exists \* > 0 such that (L.1) has at least two nontrivial weak
solutions when X € (0, A*).

Let us denote by X the variable exponent Sobolev space W 1-2() (Q) and consider
the energy functional Jy : X — R given by

JA(U)M\(/ m\v ulP®) da + 5((”3)|u|p<m> dar)

ani’?)

/qudx— / g(x)udx.

Then by (A2) and the continuous embeddings, we can show that that the func-
tional Jy is well-defined on X and Jy € C*(X,R) with the derivative given by

B =m( [ swardn s [ S upein,)

X (/ \Vu[P® =2y dz + 5(x)|u|p(x)72uvd0m)
Q o0

f/ﬂf(:c,u)vd:cf)\/gg(x)vd:c

for all u,v € X. Hence, we can find weak solutions of (|1.1)) as the critical points of
the functional J in the space X.

apt
Lemma 2.3. Assume that (A2), (A4) hold and that g € Le»T-1(Q2). Then there
exist constants p,r, \* > 0 such that Jx(u) > r for all u € X with ||ullgw) = p,
when X € (0,\*).

Proof. Since apt < ¢~ < g(z) < p*(x) for all z € Q, the embeddings
X < L7 (Q), X < LI0(Q)
are continuous, and there exists two constants C'{, Cy > 0 such that

[ulapt < Cillullgm), [ulgm) < Collullpa)- (2.1)
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Let 0 < € < ——"—= where C} is given by (2.1). From the assumptions (A3),

2a(pt)=C
(A4), there exists a constant C (e) depending on € such that
F(z,t) < elt]*?" + C(e)[t]*®, V(x, ) €Q xR, (2.2)

Let u € X with [[u[|(,) < 1 sufficiently small. From and (2:1)-(2-2), applying
the Holder inequality we have

Ia(u)
= ]\7(/9 I%|Vu|p(m) dx + Pla )|u|p 2) dam> - /QF(:c,u) dx — )\/Qg(x)udx

aﬂp()

mi apt apt z
sl = [ 1l do=C(6) [ ul") do = Mgl aps [ulaps

ap+—1

my a a
ZWHUMP — e ||U||5 0 — CECE lullh,y — ACilg] apt lullga)

_ q- g -1
> (Qa(pﬂ [|u HB(I) C(e)Cs ||UHB(I) )\C'1|9|O£+J:1>||u||/3(gc)7

where C1,Cs > 0 are given by (2.1). Consider the functions v : [0,4+00) — R is

given by
mi

20(pt)”
Since ¢~ > apT, there exists a constant 7 = p > 0 obeying the relationship
Y1(p) = max,¢[o,400) 71(7) > 0. Taking \* = % > 0, it then follows that,

ap
ap+ —1

if A € (0,A*), we can choose r and p > 0 such that Jy(u) > r > 0 for all u € X
with [Jul|g(z) = p. O

Lemma 2.4. Assume that (Al), (A4), (A5) hold. Then there exists a function
e € X with |le||gw) > p such that Jx(e) < 0, where p is given by Lemma .

n(r) = ot C(eog

Proof. For each x € Q and ¢ € R, let us define the function v5(7) = 77#F(x, 7t) —
F(x,t) for all 7 > 1. Then we deduce from (A4) that

v (1) = 77071 (f(z, 7t)Tt — pF(x,7t)) >0, Vr>1

of the function vz is increasing on [1, +00) and v2(7) > 72(1) = 0 for all 7 € [1, +00).
Hence,

F(x,7t) > T"F(x,t), YzxeQ, teR, 7>1. (2.3)
Let ¢ € C5°(Q) and ¢ # 0 such that [, F(z,¢)dx > 0, by (Al) we have

Ia(Tp) :Z/W\(/ o )|V7'<p|p(m) dx+/ Bla |Ttp|p(z) do)

/FJ?T(p dx—/\/ )T dx

ap a
<M ([ Lvep@aes [ 2D ope as,)
« o p(z) a0 p(T)

—7'"/F(J;,(p)dx—/\T/g(x)godm—)—oo,
Q o

maa(pt)*
my(p7)e~t
such that [|7o¢|g) > p and Jx(70p) < 0. Let e = 19 the proof is complete. [

as T — +0o since p > > apt. Therefore, there exists a constant 9 > 0
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Lemma 2.5. Assume that (A1)—(A4) hold. Then the functional Jy satisfies the
Palais-Smale condition.

Proof. Let {u,} C X be such that
Ia(up) = ceR,  J\(up) = 0in X*, (2.4)

where X ™ is the dual space of X.

We will prove that {u,} is bounded in X. Indeed, assume by contradiction that
|[unl|g(z) — +00 as n — co. By the conditions (A1), (A4) and (L5), (2.4), applying
the Holder inequality we deduce for n large enough that |unllgy > 1 and

c+ 1+ |lunll )

> Jx(un) - %Jg\(un)(un)

_1\7(/ ﬁw @ gy [ BE dax> —/QF(%un)dx

a0 ()

—)\/ ) Uy, dx — (/QFI)IVU"V)(@ dx+/ ﬁ((i))unV’(C”) dax)

/\Vu |p(=) da:—i—/ B(x)|uy |p(m)do) fzyun)uy, de
N Q
A
+7/g(m)undx
mJa
mq mo ., @
> — VYV, |P®) dﬂc—i—/ B(x)|un P doy
(a(pﬂ“ u(p*)afl)(/n| | 20 (@)l )
1 1
+/ — flx,up)un — F(x,u, da;—)\l—f/ga:undx
(G wn)un = Flaun)) de = A(1= ) | g(a)
m1 ma ap™ 1
=z (Oé(p+)()‘ - M(p—)a—l)Hu”Hﬁ(z) — Ay (1 - ;)‘g|a:$t1 ”uHﬁ(m)’

where 1 > moa(p™)®/m(p~)*~!. Dividing by Hu||gf;) in the above inequality and

passing to the limit as n — oo, we obtain a contradiction. This follows that the
sequence {u, } is bounded in X.

Now, since the Banach space X is reflexive, there exists u € X such that passing
to a subsequence, still denoted by {uy}, it converges weakly to u in X and converges
strongly to u in the spaces L9(*)(Q). Using the condition (A2) and Holder inequality,
we have

‘/f(ac,un)(un—u)dx‘ §/ | f(x, up)||un — u| dx

Q Q
§C/(1+|un|Q(”C)_1)\un—u|d$
<20(1+|\u \”) 1\ RN )lun ulg(z)
—0 asn— oo,

which yields
lim flz,up)(up, —u)de = 0. (2.5)

m— 00 O
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Moreover, we have

| [ s@) = wde] < [ lgtellu, —ulda -

< 2|g\ apt \un — UIap+ —0 asn— oo.
ap+71

Since {uy} converges weakly to u in X, by (2.4) we have J} (up)(un —u) — 0 as
n — 0o or

n( /Q ﬁwunv’(@ d + /a Q%WMI) do..)

X (/ |V, [P =2V, (Vu, — Vu) dz + / B(2) [t [P 2y, (1, — 1) dax>
Q 0

— / fla,un)(uy — u) da — )\/ g(x)(up —u)de — 0,
Q Q
which leads from - to
1 B(x)
- (=) P\ (z)
M(/Q Sy Tl i+ /BQ ) nl” doz)

< ( / Vun P2V (Yt — V) i [ () P2 — ) o) 0.
Q o0

If [, %|Vun|p(””) dz + [ %mﬂp(m) o, — 0 then we have [, |Vu,[P® dz +
Joa B(z)|[un|P® do, — 0 as n — oo and thus u,, — 0 strongly in X as n — oco. If
Jo TZ)|VUH|”(1’) dz + [ ggi)) |, |P®) doy — tg > 0 as n — oo then it follows from
the continuity of M that

Lo, p@ Bx), )
M(/Qp(x)ww dot | oSl dom)ﬁM(to) >0,

so that

M(/Qp( )|Vun|p dx+/ ﬁi |ty [P@) dor) %M(to) >0

for all n large enough. Hence,

lim (/ VPP 2Vu, (Vu, — Vu) dx—i—/ B(x) [t [P 20y, (1, — ) dax) =0
Q 00

n—oo
or
Jim. Ly (un) (un —u) =0,

where Lg(,) and L'ﬁ(z are given by formulas ([1.9) and (|1.10J).
From Proposition the sequence {u,} converges strongly to u as n — oo.
Thus, the functional J satisfies the Palais-Smale condition. O

apt
Lemma 2.6. Assume that g € Lovt=1 (Q) with g £ 0, and that (A2)-(A5) hold.
Then there exists a function ¥ € X, ¥ #£ 0 such that Jx(t¢) < 0 for all 7 > 0
small enough.

Proof. For (z,t) € Q x R, set y3(1) = F(x,
() = Fla ) (- %
= M uF (z, 7 ) — 7 f(x, 7)) <0

“)r#, 7 > 1. By (A4), we have

)T“JrF(x W)t
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50, v3(t) is non-increasing. Thus, for any [t| > 1, we have v3(1) > 73(J¢|), that is

F(z,t) > F(a,[t| )]t > Oyt (2.7)

where C3 = inf,cq =1 F(z,t) > 0 by (A5). From (A3), there exists a constant
n > 0 such that
[z, )t

|t]or”

_ ‘ |t|ap+ 1( < (2.8)

for all x € Q and all 0 < [¢t| < 7. By (A2), for all z € Q and all n < [¢] < 1, there
exists C4 > 0 such that

fla, )t _ CAA[H @D _
tjort on < Cy. (2.9)
From ([2.8) and (2.9), we deduce that
fla, )t > —(Cy + 1)|t|ap+
for all z € Q and all |¢| € [0,1]. Using the equality F fo x, Tt)tdr, we
obtain .
F(z,t) > ———(Cy + 1)[t[*7" 2.10
(a.0) > ap+< AR (20)
for all z € 2 and all |¢| € [0,1]. Taking C5 = (C’4 + 1) + Cs, we then get from
(2.7) and (2.10) that
F(z,t) > Csft|* — Cs|t|*?", (2.11)

forall x €  and all t € R.
We now prove that there exists a function ¢ € X such that Jy(7¢) < 0 for all

0¢p+
7 > 0 small enough. Since g € Ler¥-1(Q) and g # 0, we can choose a function
1 € X be such that

| s@u@ ds >0
Q
then by (2.11]) we have

(T) = M(/ﬂ $|VT’¢)|IJ(I) dx + /{m i((i))h—d,p(w) da$)
_ / Fle, r) do — A/ (@) da
Q Q

< a(T—Z)O‘Tap_ (/Q |V1/J‘P(ac) der/@Q ﬂ(x)|w|p(;p) de)a

- 057“/ (| dz + Cyrer” / 1P dar AT/ g(@)¢pdz <0,
Q Q Q
for all 7 > 0 small enough. O

Proof of Theorem[2.3. By Lemmas there exists A* > 0 such that for if A €
(0, A*), all assumptions of the mountain pass theorem by Ambrosetti-Rabinowitz [4]
hold. Then, there exists a critical point uq € X of the functional Jy, i.e. Ji(u1) =0
and thus, problem (|1.1)) has a nontrivial weak solution u; € X with positive energy
Ja(u1) =¢:= inf max J >0,
M) =€ = inf max Jy((0)
where I' := {y € C([0,1], X) : 7(0) =0, (1) = e} and the function e is given by
Lemma 2.4
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We will show the existence of the second nontrivial weak solution us € X and
ug # wup by using the Ekeland variational principle. Indeed, by Lemma [2.3] it
follows that on the boundary of the ball centered at the origin and of radius p in
X, denoted by B,(0), we have

inf J > 0.
v () W)

On the other hand, by Lemma [2.3] again, the functional Jy is bounded from below
on B,(0). Moreover, by Lemma there exists ¢ € X such that Jy(7¢) < 0 for
all 7 small enough. It follows that

—oo<c= inf Jy(u)<D0.
u€B,(0)

Let us choose € > 0 such that

0<e< inf Jy(u)— inf Jy(u).
u€0B,(0) u€B,(0)

Applying the Ekeland variational principle in [18] to the functional Jy : B,(0) — R,
it follows that there exists u. € B,(0) such that
In(ue) < inf Jy(u) + e,
u€B,(0)
Ia(ue) < Ia(u) +€llu — ucllgay, u# ue,

then, we have Ji(ue) < infyeap(o) Ja(u) and thus, u. € B,(0).
Now, we define the functional I : B,(0) — R by In(u) = Jx(u) + €|ju — tc| ga)-
It is clear that u. is a minimum point of I and thus
In(ue + 7v) — In(ue)
t

for all 7 > 0 small enough and all v € B,(0). The above information shows that

In(ue + 70) — Tx(ue)
T

>0

+ellvllpe) 2 0.

Letting 7 — 07, we deduce that

(JA(ue),v) = —ellvllg(a)-
It should be noticed that —v also belongs to B,(0), so replacing v by —v, we obtain

(JA(e), —v) = =] = vl p(a)
or
(A (ue), v) < €llvllpa),

which helps us to deduce that ||J} (ue)||x+ < €. Therefore, there exists a sequence
{un} C B,(0) such that

Ian(un) = c= illf( )JA(u) <0and Ji(u,) >0 in X" asn—o0.  (2.12)
ueB,(0
Based on Lemma the sequence {u, } converges strongly to some uy as n — oo.
Moreover, since Jy € C1(X,R), by ([2.12) it follows that J}(u2) = 0. Thus, us is a
non-trivial weak solution of problem (|1.1)) with negative energy Jy(us) = ¢ < 0.
Finally, we point out the fact that u; # uo since Jy(u1) =¢ > 0 > ¢ = Jx(uz).
The proof is complete. O
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2.2. Existence of infinitely many solutions. The purpose of this part is to
consider problem in the case A = 0. Under some suitable conditions on M
and f, we prove the existence of infinitely many solutions for problem by
using the Krasnoselskii’s genus theory [I1], see Proposition Let us introduce
the following conditions:

(A6) f:Q — R is a continuous function such that
Dih(@)|t]"7! < f(,t) < Doh(@)|t"7, V(x,t) € Q x RY,

where D1, Dy > 0 are positive constants and r € C4 () such that 1 <
r(z) < p*(z) = zév_p,% for all z € Q, the function h = 1 if p(x) < r(z) <
p*(z) for all z € Q while h € L°™)(Q) with ro(z)
p(x) for all z € Q;

(A7) f(z,—t) = —f(z,¢) for all (z,t) € Q xR,

We have the following result.
Theorem 2.7. Let (A1), (A6), (A7) hold. If p(x) < r(z) < p*(z) for all x € Q

withr™ < ap™ or1 < r(z) < p(z) for allx € Q, then (L.1) with A = 0 has infinitely
many weak solutions.

With similar arguments as those used in the proof of Theorem by assumption
(A6), we can show that the functional Jy : X — R defined by

= 1 (2)
Jo(u) =M /—Vup(x)dm—l— 2 uP® oy, —/Fa:,u dx
o(w =N( 2519 o ooy 1P doz) = | Pl
is of C' on X and its derivative is
1 B(x)
Jo(u)(v) =M /—Vup(m)dx—k 2 0u)P® doy,
s =a( | oI o ) )

X (/ |VuP® =2y dz + B(m)|u|p(m)72uvdaa¢) —/ f(z,u)vde,
Q a0 Q

for all u,v € X. Thus, weak solutions of problem (1.1) with A = 0 are exactly the
critical points of Jy.

Lemma 2.8. Assume that (A1), (A6) hold. If p(x) < r(x) < p*(x) for all z € Q
with v+ < ap™ or 1 < r(x) < p(x) for all x € 0, then the functional Jy is bounded
from below on X and satisfies the Palais-Smale condition.

Proof. Since 1 < r(z) < p*(x) for all z € Q, the embedding X «— L"®)(Q) is
continuous and compact, then there exists Cs > 0 such that

\u|r(z) < 06”“”13(95)7 Yu € X.
If p(x) < r(x) < p*(z) for all z € Q then h = 1, by (A1) and (A6), it follows from
the definition of the functional Jy, (A = 0) that

Jo(u) = ]/W\(/Q Wlx)lvmp(m) dx + ﬂ|u|p(‘”) dam) —/QF(x,u) dx

o0 p(2)
1 a D
> @(/ VP dz + @Mp(r) d%) fi/ Ju|"@) dz
a \Jq p(z) o0 P(2) ™ Jo

+
mi ap™ DQCg +
> p _ T4~6 T
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for all u € X with ||u||g(,) > 1 large enough. Since we always have that r* < ap~,
Jo is coercive, i.e. Jo(u) — 400 as ||ul|g(z) — +0oo and bounded from below on X.
Similarly, if 1 < r(z) < p(z) for all z € Q then h € L@ (Q) with ro(z) =

plz) Applying the Holder inequality and embedding theorem, we also have

p(z)—r(z)
Jo(u)—]\//f(/ﬂp(lx)Wup(z)dx—k B(( §| 7@ dg ) /QF(x,u)dac
> ([ v o [ 28 an,)" - 22 [ )l do
.
> TS — 222 o el

for all uw € X with |Jul|g) > 1 large enough. Since r* < p~ < ap~, Jy is coercive
and bounded from below on X.

From these statements, if {u,} is a Palais-Smale sequence for the functional
Jo, ie. J(u,) = ¢ J'(up,) — 0 in X*, then {u,} is bounded in X. Since X
is a reflexive Banach space, {u,} has a subsequence, still denoted by {u,}, that
converges weakly to some u € X. Moreover, the embedding X — LT("’?)(Q) is
continuous and compact, using (A6) and the Holder inequality, we have

| / f(@,un) (up — u) de| < / | f (2, up)||un — u|dx
Q Q
< DQ/ |t |"® sy, — | da
Q

< 2D |[un|" 7Y iy Jun — Ul
r(z)—1
—0 asn — oo,

if p(z) <r(z) < p*(z) for all z € Q, or
n)\Un — d = y Un n d
I/f:vu wde| < [ |f@,u)llu, —uldo

< D2/ h() [t " |y, — | da

Q
< 3D2|h|r0(m)||un|r(x)7l|%|un — Ulp(a)
— 0 asn — oo,

if 1 <r(z) < p(z) for all z € Q, which yields

lim flz,un)(up —u)de =0. (2.13)

m— 00 o)

From (2.13), with similar arguments as those presented in the proof of Lemma
we can show that {u,} converges strongly to v € X and thus, the functional
Jo satisfies the Palais-Smale condition. O

Proof of Theorem [2.7]. We have known that for p € C(Q), 1 < p~ < pT < N,
X =W (Q) is a separable and reflexive Banach space, then there exist {e,} C
X and {e}} C X* such that
« L, i=7,
<ei ) ej> = { . .

0, i#J,
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X =spanf{e, :n=1,2,...}, X" =span{e; :n=1,2,...}.

For each k € N, consider X}, = span{ey, e, ..., ey}, the subspace if X spanned
by the vectors eq, e, ..., ex. Let h(z) =1 if p(x) < r(x) < p*(z) for all x € Q and
he L@ (Q) if 1 < r(z) < p(z) for all x € Q, we define a norm | - |- (0,h(x)) O
the space X sa follows

. UNT) (2
[l 1) (e = mf{A >0 /Qh(x)()\)| @) gz < 1}. (2.14)

Note that the embedding X}, — L*@)(Q), 1 < s(z) < p*() is continuous. Since
all norms on the finite dimensional space X} are equivalent, so are the norms ||-|| 3(z)
and | - |r) (q,n(z))- Moreover, for any u € Xy, it follows that

JO(U>:]/W\</Q$|VU‘M@CW+ ” bla )| @) do, ) —/QF(x,u)dx

p(x)
mo 1 ﬂ( ) @ D1
< = —|VulP®) dr + ’”")daac ——/hx ul"®) dg
o (/szp($)| | o0 p(x )| u ) ™ Jo (@)l
D t+
< ( ) lull5ts = — CEulle)
+ D1

=l (5, e 5t ™ = 3 C0),

where C(k) is a positive constant depending on k. For each k € N as before, let us
denote by Ry the positive constant such that

ma (yp —rt &
a(p~)” " = Clk),

then, for all 0 < pp < Rg, and u € S, :={u € Xy, : ||ullgw) = px}, S, is a closed
subset of X\{0} that is symmetric with respect to the origin, we obtain

o m ap——rt D
Do) <o (5o e~ ew)
+ mo - _pt Dl
< pr ap”—rt U1 —
< Ry (a(p_)aRk s C(k)) < 0= Jo(0),

which implies

sup Jo(u) < Jo(0).

u€ESy,
Because Xj and R¥ are isomorphic and S,, and S¥~! are homeomorphic, we con-
clude that v(S,,) = k. Moreover, by assumption (A7), Jy is even. By Proposition
[[-4] the functional Jy has at least k pair of different critical points. Since k is ar-
bitrary, we obtain infinitely many critical points of Jy and thus problem with
A = 0 has infinitely many weak solutions. ([
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