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MAXIMUM PRINCIPLE AND EXISTENCE OF POSITIVE
SOLUTIONS FOR NONLINEAR SYSTEMS INVOLVING
DEGENERATE P-LAPLACIAN OPERATORS

SALAH A. KHAFAGY, HASSAN M. SERAG

ABSTRACT. We study the maximum principle and existence of positive solu-
tions for the nonlinear system
~Appu=a(@)ulP~?u+ b@)ul*lo|fv + fin Q,
—Ag.qv = c(@)lul* o] u + d@)e]T v+ g inQ,
u=v=0 on0Q,
where the degenerate p-Laplacian defined as Ap ,u = div[P(z)|Vu[P~2Vu).
We give necessary and sufficient conditions for having the maximum principle

for this system and then we prove the existence of positive solutions for the
same system by using an approximation method.

1. INTRODUCTION

One of the most useful and best known tools employed in the study of partial
differential equations is the maximum principle, since they are an useful tool to
prove many results such as existence, multiplicity and qualitative properties for
their solutions.

The maximum principle have been studied for linear elliptic systems. In partic-
ular, de Figueiredo and Mitidieri [6} [7, 8] gave a necessary and sufficient conditions
for the maximum principle. In [12] [13] the authors proved sufficient and necessary
conditions for having the maximum principle and the existence of positive solu-
tions for linear systems involving Laplace operator with variable coefficients. These
results have been extended in [11], to the nonlinear system

n
—Apu; = Z aij|uj|p72uj + fi(z) inQ,
= (1.1)

u; =0, i=1,2,...n on 0f.

Boushkief, Serag and de Thélin [5], proved the validity of the maximum principle
and the existence of positive solutions for the following nonlinear elliptic system of
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two equations involving different operators A, A, defined on bounded domain
of R™, with constant coefficients a, b, c and d

—Apu = aluP"2u 4 blu|*|w|Pv 4+ f in Q,
—Agv = clul*|v|Pu+dv|T %0+ g inQ, (1.2)
u=u=0 onQ.

These results have been extended in [16] to the following nonlinear system defined
on unbounded domain with variable coefficients

—Apu = a(@)]ulP"2u + b(2)|u|*|v|Pv + f xR,

— A = c(@)|ul*Ww|’u +d(2)|v]* v+ g xR, (1.3)
‘ llim u(z) = | llim v(z) =0, w,v>0 inR".

Here, we consider nonlinear system involving degenerated p-Laplacian operators.
We study the following nonlinear system

—Ap, pu = a(@)|ulP"?u+ b(x)[u|* o[ v+ f in Q,
—AQ,qv = c(m)|u\°‘|v|ﬂu + d(J;)|v|q_2v +g inQ, (1.4)
u=v=0 on 0,

where () is a bounded subset of R™ with a smooth boundary 92, A, , with p > 1,
p # 2 and P(z) a weight function, denotes the degenerate p-Laplacian defined by
Ay u = div[P(z)|Vu|P~2Vu], a, 3 > 0, f, g are given functions and a(z), b(z), c(z)
and d(z) are bounded variable coefficients. We consider here a generalization for
the p-Laplacian to the degenerated p-Laplacian. We obtain necessary and sufficient
conditions on the variable coefficients for having the maximum principle for system
and then we prove the existence of positive solutions for this system by using
an approximation method.

This paper is organized as follows: In section 2, we give some assumptions on
the coefficients a(z),b(x),c(x) and d(z), and on the functions f,g to insure the
existence of solution for system in a suitable weighted Sobolev space. We
also introduce some technical results and some notations, which are established
in [T 2, Bl d0]. Section 3 is devoted to the maximum principle of system .
Finally, in section 4, we prove the existence of solutions for system using an
approximation method already used in [4].

2. TECHNICAL RESULTS

Now, we introduce some technical results [10] concerning the degenerated homo-
geneous eigenvalue problem

—Ap pu=div[H(z)|Vu|P*Vu] = A\G(x)[ulP"?u in Q,

2.1
u=0 on 0, (2.1)

where H(x) and G(x) are measurable functions satisfying
v(z) < H(z) < crv(z), (2.2)

[&]
for a.e. & € Q with some constant ¢; > 1, where v(z) is a weight function, i.e., a
function which is measurable and positive a.e. in €2, satisfying the conditions

ve Ll (Q), v 71 ell (), v ell(Q), (2.3)
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with

N 1
s€ (;,oo)ﬂ[zfl,oo), (2.4)

G(z) € L77(Q), (2.5)

for some constant k satisfying p < k < p%, where p% = J\],V_ B with Py = B4 <p <
P |

Lemma 2.1. There exists the least (i.e. the first or principal) eigenvalue \ =
Ac(p, Q) > 0 and at least one corresponding eigenfunction u = ug > 0 a.e. in § of

the eigenvalue problem (2.1)).
Theorem 2.2. Let H(x) satisfy and G(x) satisfy -, then (2.1) admits a

positive principal eigenvalue Ag(p Moreover zt s characterized by

/G \u|p</H )| Vul?. (2.6)

Now, let us introduce the weighted Sobolev space W1 (v, Q) which is the set of
all real valued functions u defined in Q for which (see [3| 10])

ooy = [ [ 17+ [ volvu] " < o (27)

Since we are dealing with the Dirichlet problem, we introduce also the space
WyP (v, Q) as the closure of C§°(Q) in WP (1, Q) with respect to the norm

1/p
lull 200 = [/Qy(x)wuﬂ < o0, (2.8)

which is equivalent to the norm given by (2.7). Both spaces W1?(r,Q) and
WP (v, Q) are well defined reflexive Banach Spaces. The space W, * (v, Q) is com-
pactly imbedding into the space LP(2), under the conditions given by (2.3 and

, i.e.

which means that

/|u|1" gcz/ V(@) IVal, e, [ulo < ¢ lullyiopg:  (210)
Q Q 0

WP (1, Q) s LP(Q), (2.9)

3. MAXIMUM PRINCIPLE

In this paper, we assume that

a,B>0; p,g>1, O[T—i_l—i-%:l,
(3.1)
felr(Q), gelL (), 1+é:1, 1+i*=1.
p P q q
and )
P(2) € Lhoe (), (P(2)) 77 € L (9), (P(2))™ € L(Q)
. N 1
with s € (?’ o0) N [ﬁ,oo), 5
Q@) € Lo (), (Q@) 77 € LL, (), (Qx))™" € LY (%)

N
with ¢ € (—, 00) N [——, 0),
(T2 N [=5 %)



4 S. A. KHAFAGY, H. M. SERAG, EJDE-2007/66

We also assume that the variable coefficients a(x), b(x), ¢(z), and d(x) are bounded
smooth positive functions such that

a(z) € LF7(Q) N LP(Q), with p <k < p,

L (3.3)
d(z) € L=a(Q) N LI(Q), withg<l<gq;
and
b(z) < (a(@) (d(2)) 5, e(@) < (a(z) ™ (d(z) . (3.4)

We say that system (1.4]) satisfies the maximum principle if f > 0, g > 0 implies
u > 0,v > 0 for any solution (u,v) for system ([1.4])

Theorem 3.1. Assume that (3.1)—(3.4) are satisfied. Then, the mazimum principle
holds for system (1.4) if
1

a

Malp) = D) (Ma(g) = 1) —1>0. (3.6)

Conversely, if the mazimum principle holds, then and are satisfied,
where

at1 41 o b(x) e L e(x) smr
—1)» —1) ¢ f(—=%)» f(—%) ¢ .
Aalp) =1) > (Aalg) = 1) 7 > © I (Fo5) > I (Gs) . (37)
where
p | atl B+l
info(22) 5
6= ario < 1,

Q

SUPQ(%) ’

and ¢ (respectively 1) is the positive eigenfunction associated to A, (p) (respectively
Aa(q)) normalized by ||9]lco = ||?¥]lco = 1.

Proof. The condition is necessary: If A\,(p) < 1, then the functions f := a(x)(1l —
Aa(p))9P~t, g := 0 are nonnegative, nevertheless (—¢,0) satisfies , which con-
tradicts the maximum principle.

Similarly, if Aq(q) < 1, then the functions f := 0, g := d(z)(1 — Aa(q))y9~! are
nonnegative, nevertheless (0, —1) satisfies 7 which means that the maximum
principle does not hold.

Now suppose that A\,(p) > 1, A\g(¢) > 1 and , and hence , does not
hold, i.e.

41 b(x) | at2 c(x), 8L

Calp) = 1) (ala) =1 <@ inf (o5) 7 nf (g5) ©

Now, we want to fined a positive real number £ such that

P o+l pg+1
Algg) 7 7 =6 A>0,
B(wq)a;rli < 1 B>O <38)
or - ¢ '
Equation (3.8) is satisfied if
Pl 1o @ enss
Asgp (w) e inf (w) . (3.9)
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Let
= — su@%an su d(@) 2
A_ [()‘a(p> 1) xeg( b(x) )] d B [()‘d< ) )xeg(c(l’) )]
then becomes
—1)su a(2) QTHsu Py e
[()‘a(p) 1)xeg(b($) )] (wq
1 . QP | axlpil
<< srinf () 7
[(Aalg) — 1) sup,eq (&l o @ ¥
Then, £ exists if
Calp) =) (alg) = )T
< a+11 +1 info (#;)Oii
(SUPzeQ(b((T;)) v (SqueQ(dx;))T Supq (%)TT
Therefore,
g1 o D@ e (@)
(alp) =1 F al) = DF < 0 fnf () F inf (F0)%
So, ¢ exists if (3.7]), and hence ( . does not hold.
If¢&= ( q) : ﬁ;r with C, D > 0, then (3.8 implies
a8 5 cor .
[Qalp) = D sup (] 7 (550)
1 (CP)P | at1p+1
<1< Bt1 ( q) Py
[(Aalg) — 1) sup,en(2@)] = (DY)
and hence, for some x € ), we have
a(a), (Co)p o2 (@@ (€O 2
(el = DGED] (o) < [ul) = Dsup(FED] ((500) <1
P clz) P
| < 1 ((C@ )= < (at) ((C¢) y=t

[(Aa(q) — 1) Supzesz(%)] (D)

which implies

Using (3.1]), we have
a(x)(Aa(p) —

Then
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are nonnegative functions, nevertheless (—C@, —D1) is a solution of (L.4), and the
maximum principle does not hold.

The condition is sufficient: Assume that and hold; if (u, v) is a solution
of for f,g > 0, we obtain by multiplying the first equation of by u~ =
max(0, —u) and integrating over 2

/P(x)IVu‘I”

Q

_ —|p _ —ja+1p,,4+8+1 —|a+ly,—|8+1 _ -
—/Qa(xnu P /Qb(x)lu aalta +/Qb<x>|u oy /qu ,

then
/ P(@)| VP < / alz)u 7 + / ()~ | o P
Q Q Q
By using and (3.4)), we have
o) — 1) / a(@)u P < / b(a)lu~ |+ o
Q Q

_ atl _ B+1
< /Q (a(@)u )5 (d()o]0) 55

Applying Holder inequality, we get

Outp) =) [l <[ [ ” [ [ m] i

Q

and hence

[atr) -1 ( [ a@lu ) " - ( La@pemm) V] ( [ a@her) T <o

Now, if
/ a(a)u P =0,
Q

then v~ = 0, (where a(z) # 0 for any x), which implies that u > 0. If not, we get

a1 e e
Oulo) =07 [ [a@l ] 7 <[ [T @)
Q Q
Similarly, from the second equation of (L.4)), we deduce that
811 e o b w
Oule) =05 [ [ a@lor] T <[ [atteP] T @
Q Q

Multiplying (3.10]) by (3.11)), we obtain
at1 B+1 atl 41

((a(p)=1)F Qala) =) T = 1) /Q a(@) ] 7T /Q d@l ] 77 <o

Using (3.6), we have u~ = v~ = 0, which implies that v > 0, v > 0, i.e. the
maximum principle holds. (I
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4. EXISTENCE OF POSITIVE SOLUTIONS

Now, we shall prove that the system (T.4) has a solution in the space Wy (P, ) x
Wol’q(Q7 ), by an approximation method.
Following [4], for € € (0,1), we introduce the system

(|u5|p72u€) |UE"6UE ue|®
—A = -_ b ’
pvte = 0 ety oy P T e ) (T et ) T
ve|? Ue| YU ve| 920,
Y —— |vel |uel +d(x) (Jvel ) +a

(1+ [eMNve|?) (1 + |e\Puc|ott)
U =ve =0 on 9.

T+ |eNau i)

(4.1)
Letting (¢,n) = (u¢,v,), then the system above can be written in the form
*AP,pC = h(<7 7’) + f in Qv

—Ag.qn=k(,n)+g inQ,
(=n=0 on 0N

where
(I¢lP—2¢) nl’n IS
T+ jervep) D T e ) (T gy

nf? 1o (1nl*=*n)
(L eV PP) (U ]eteglarty T N Jetvaglaty:

h(¢,n) = alx)

k(C,m) = c(x) +d(x)

It is easy to prove that h(¢,n) and k((,n) are bounded, since a(x),b(x),c(z) and
d(z) are also bounded. Then, there exists M > 0 such that |h(¢,n)| < M and
k(¢ m)| < M for all ¢,n.

Lemma 4.1. System [#.1) has a solution U, = (u.,v.) in WP (P, Q) x Wy(Q, Q).

Proof. We complete the proof in the following steps
(a) Construction of sub-super solutions for system (4.1]) as follows; Let

¢ € Wy P(P,Q) be a solution of — Ap,¢° =M + f,
n° € W Q, Q) be a solution of — Ag 4n° = M + g, (42)
o € Wy P(P,Q) be a solution of — Ap,¢o = —M + f, .
no € Wy9(Q, Q) be a solution of — Ag gm0 = —M + g.
Then , as in [14], we say that (¢°,7°) is a super solution of and ({p,no) is a
sub solution of the same system, since we have
—Ap,pC° = (%) — f 2 —ApypC° = (M +f) =0 ¥yeln,n"]inQ,
~Bgqn° —k(¢,n°) =g > ~Dgn” = (M +9) =0 V(€ [G,¢% in Q.
~AppCo— h(Go,n) = f < =ApypCo+ M~ f=0 Ve [n,n°] in €,
~Aqqm0 —k(C,1m0) =9 < —Aggno+ M —g=0 V(€ G, lin Q,

Let us assume that K = [(o,¢°] x [n,.7"].
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(b) Definition of the operator T: We define the operator T': (¢,n) — (w, z) by
—Ap,w="nh({,n)+f inQ,
~Agqz=k(n)+g inQ, (4.3)
w=z=0 on JN.
(c) T(K) C K: Since (¢,n) € [¢o,¢°] % [1,.1°], then from(4.2) and (4.3, we get
_AP,pw + AP,pCO < h(C, 77) - M. (44)

Multiplying this equation by (w — ¢°)* = max(w — ¢°,0) and integrating over €,
we obtain

[ -Bpw s 8r,)w =) < [ (e = M)w =) <0,
Q Q
which implies
/ P(z) [[Vw|P~?Vw — [V P2Vl V(w — )T <.
Q

It is well known by [I7], that the following inequality holds
= y? < C{(|2[P22 — [y[P2y) (@ — y)}2 (J2” + |y|")" 2. (4.5)
for all z,y € RN, where y =pif 1l <p<2and v=2if p> 2.
Applying (4.5)), we obtain
[ P@ivw-c)p <o
Q

which implies that, since P(z) is a weight function, (w — ¢°)* = 0, and hence
w < (0.
Again, as above, we can deduce that w > (y . So, we have (, < w < (.
Similarly, we can deduce that 1y < z < 7%, and hence (w, z) € [y, ¢°] % [10, 7°].

(d) T is completely continuous: First, we prove that T is continuous; for this, we
need the following lemma. O

Lemma 4.2. If (Ck,nr) — (¢,n), in LP(Q2) x L1($2), then, as in [5l [16],

[Ck[P~2G CP2C ey
(J, e ~ o grn)) o

|G| AT
(/, e e T o
¢l [nln )p*)”p* 0
(L4 [e1Pg[e) (1 + [y ]P+) ’
RCEir——— )?
) (1 4 [€M\PG[oFt) (1 + [eM\amy |7)
e i K
(L Vo) (1 + [eDNan]?) |

L [nl*"2n g\ M9
d _
(/Q((x”<1+|el\an|q1> ) ) O

as k — +o0.
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Proof. If (¢x) — () in LP(Q), then there exists a subsequence still denoted by ({x)
itself such that (x(x) — ((z) a.e. on Q and |(x(x)| < I(z) a.e. on Q, for all k, with
I € LP(Q2). Hence,

| |G P2k

-1 -1 -
W| <[P <IPTT e LP (Q),

and, since a(z) # 0 is bounded, we have

C@)P2¢(@)
T+ [ ()T

|Gk (2) [P~ G ()

REETAn

a.e. on ) as k — +oo.

a(x)

Thus from the Dominated Convergence Theorem, we obtain the first statement of
this theorem.

Prove of the second statement: If (ng) — () in L%(Q), then there exists a
subsequence still denoted also by (7)), such that ng(z) — n(z) a.e. on Q and
[k (x)] < m(x) a.e. on Q, for all k, with m € LI(Q).

Now, from (3.1) and (3.2)), we obtain

o’ (B+Dp" _
p q
and hence,
. . . Taf (B+1)/
/[lamﬁ+1]p S/ |1|o® ‘m‘(ﬁﬂ)p < (/ |l|p)p p(/ ‘m‘q>p ! < 0.
Q Q Q Q
So that

(1G] )] < 10mP e LY (),

Hence, since b(x) is bounded, we have

by LI e I 1%
(1 + |61\p<k|a) (1 + \gl\an|ﬁ+1) (14 |el\p¢|e) (1 + |61\q77|5+1) ’

a.e. on 2 as k — +o00. Thus from the Dominated Convergence Theorem, we obtain
the second statement in this theorem. Similarly we prove the third and fourth
statements.

Now, we prove the continuity of T. Assume that ((x,nx) — (¢,n), in LP(Q) x
L9(€Y), then we have from the first equation of

— Appwy + Appw

_ (IkIP~2¢x) (I<P2¢)
=) [(1 Gt (1 \Gl\pd”*l)]
+b(z) [ i1 S [l ]

(14 [eVPG|) (1 + [eNameF+1) (14 [eD\e¢]e) (L + |ePan]5+1)
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multiplying this equation by (wx — w) and integrating over 2, we obtain

/ P(2) [|[Vwg [P 2Vwy, — [Vw[P~2Vw| V(w, — w)
Q

_ (GlP2G) (<1P729) 3
= Ol e - (T ) )
|G| [P
—i—/{zb(w)[(1+|€1\pck|a) (1+|61\an|ﬁ+1)

¢~ Inl°n

(1 fetegle) (14 |61\q77|6+1)} (wr — w).
Using Hélder’s inequality, we get

/ P(@) [Vl 2V, — [VeolP~2 V] V(w; — w)
Q

p—2 p—2 o\ 1/ . 1
< (/Q ((G(I)[(l —i-|t|1\p4k€|kp—1) - 1 +||C€|1\p§|p_1)]) )1 (/Q |wg, — w )

[ |7 P
(f O T ervg) T et P71y

& [nl"n P\ /P 1/
_ (1 + |61\pc‘a) (1 + |61\qn|ﬁ+1)]) ) (/Q |wk —w‘p) .

Applying (4.5) and lemma we obtain

/ P(2)|V(wg, —w)|P -0 as k — +oo,
Q

which implies that w, — w in WO1 P(P,Q). Similarly, we can deduce that z; — z
in Wy%(Q,Q). Then, (wy,z) — (w,z) in WP (P,Q) x Wy*(Q,Q).

To prove that 7' is compact, let (¢;, ;) be a bounded sequence in K. Multiplying
the first equation in by w; and integrating over 2, we obtain

/Q P(2)|Vuy|?
- [ o5 +|<||\<<| T ||3|\:<j|a T fi’f\f;’jf e s+ o
< /Q (@) |2, + /Q b() 51 s Pmyw; + /Q fu;
< (/Q[a(ar)|Cj|p1}p*>1/p*</52(wj)p)l/p
+(fp@igrem ) (L) (1) (fwr)™

Hence, (w;) is bounded in WO1 P(P,Q) and it possesses a strongly convergent sub-
sequence in LP(€2). The same is true for (z;) in L(12).

Since K is a convex, bounded, closed subset of LP(Q) x L%(Q)), we can apply
Schauder’s Fixed Point Theorem to obtain the existence of a fixed point for T,
which gives the existence of solution U, = (ue, v,) of , and this completes the
proof. O

Now, we are in a position to prove the existence of a solution for system (1.4]).
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Theorem 4.3. Assume that (2.2))-(2.6) and (2.10) are satisfied, then system (1.4))
admits a solution (u,v) in Wy (P,Q) x Wy '(Q,Q).

Proof. This proof is done in three steps:
(a) First, we proof that (e'\Pu,,e'\9v,) is bounded in Wy (P, Q) x W 4(Q, ).
Multiplying the first equation of ( by (eue) and integrating over ) , we obtain

/ P(2)|V (e \Pu, )P
Q

a(z)| (et \Py ) |P )| (e \Py e\’ NPy ).
s/Q (@)I(\Puy) +/Qb< )1 \Pug)] + /Qlf\XI( )l
From ,We get

Calp) — 1) / a(@)|(Pu )P < / ()| (e \Pue)| + 1" / ] % 1),

Using Holder’s inequality, we have

(Ma(p) — 1)(/Q |(61\pu6)|1’)1/p* <c¢ with ¢> 0,

which implies that (e!\Pu,) is bounded in LP(Q) and from it is bounded in
WyP (P, Q). similarly (e'\9v,) is bounded in W, %(Q, Q).
(b) (e"\Pu,, e\, converges to (0,0) strongly in W, (P, Q) x Wy9(Q, Q).

From (a), (¢"\Pu,, e"\%,) converges to (u.,v,) strongly in L (Q) x L4(Q) and
weakly in W, P(P,Q) x W, (Q, ).

Multiplying the first equation of by (¢'\P"), we get

(4.6)

_ Ap,p(el\pue)
= a(x |€1\p“6‘p_2(61\pue) r |€1\pue‘a (Gl\q‘vebﬂ(el\qve) fel\P*7
(1 + |eM\Puc[p=1) (L+ [e"\Pue|*) (14 [eN\Tv[A+)

since the sequence (¢'\Pu,) is bounded in WO1 "P(P,Q), then, we can find subsequence
(e'\Pu,) such that

ey, — u, weakly in Wol’p(P, Q) and NPy, — u,  ae. on Q.

Again, using Dominated Convergence Theorem as in Lemma [£.2] we have

N G BN TN
(1 + [e!\Puc[r=1) (1 1)’
strongly in LT (Q) and
b({E) |61\pu€|a (61\q|v6|)ﬂ(61\qvﬁ) N b(.’L‘) |u*|a ‘/U*WU*

(1+ [e"Pue|®) (14 |eNav|+1) (1 Jua|®) (1 [ou]7*1)

strongly in LT (€2). Using a classical result in [I5], and passing to the limit, we
obtain

L || 04|70,
(1+ JusfP=1) (1 + Jue]®) (L4 Jos [7FH1)°

Multiplying this equation by (u; ) and integrating over Q, then applying (2.6)), we
get

—App(us) = alz)

+ b(x)

(4.7)

() -1 [

o@lurl? < [ bl [+ or]
Q Q
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Using (3.4) and applying Holder’s inequality, as in the proof of theorem we
deduce
a+1 B+1 atl B+1

uo) =0 ([ alur) T < ([d@lor) T, s

similarly, from the second equation of (4.1)), we have

B41 ke ke
Oule) = 0% ([a@ler) 7 < ([ Ca@hrp) T 49
Q Q
Multiplying (4.8]) by (4.9), we obtain
Bt1

(Aalp) = 17 (Nalg) — 1) — 1)(/Qa(x)|u_|p/9d(:v)|v_q>(T T <o

From (3.6), we have u; = vy = 0, which implies that u*,v* > 0.
Now, we show that u, = v, = 0. Multiplying equation (4.7) by (u.) and inte-
grating over {2, we get, as above

a+1l B+1

(al) =0 () =% = ([ @l [ a@peir) 7T <o,

which implies that u* = v* = 0.
(c) (ue,ve) is bounded in WyP(P,Q) x Wy %(Q, ). Assume that

HuEHWOLp(P’Q) — 00 or ||v€||W(}q(Q,Q) — 0.
Set

te = max(||uc Ze = uete_l\p, We = vete_l\q.

p q
||W01~P(P752) i ||,UE||W01LI(Q,SZ))7

Dividing the first equation of || by ( i\p*) and the second by ( i\q*), we obtain

(|ze|P~220) |z | |we|Pwe
A e P TN b
PpZe = a(z) (14 |[¢M\Py fp—T) ) (14 [€"\Pucl*) (14 |eNave] )
N

(|w6|q_2w6)
(1+ [eNav]a-1)
+gt7 1\

|2e|* 2 |Ue|ﬂ
(1+ [eN\Puc]ott) (14 [ef\av|5)

—Agqwe = d(z) +c(x)

As in (b) above, we can prove that (z,w.) — (z,w) strongly in WyP(P,€Q) x
Wol’q(Q, ), and taking the limit, as e — 0, we obtain

—Appz = a(m)|z|p_2z + b(w)\w|ﬁ|z\aw,
—Aq.qw = d(x)|w|**w + c(z)|w|’|2|*z,

and hence, we deduce that w = z = 0.

Since there exists a sequence (€y,)nen such that either ||z, || =1 or |lwe, | =1,
we obtain a contradiction.

Hence, (u,,v,) is bounded in Wy (P, Q) x W;9(Q, ), we can extract a subse-
quence denoted by (u., v.) which converges to (ug, vo) strongly in L (Q) x L(2) and
weakly in WP (P, Q) x Wy4(Q, Q) as € — 0. By using a similar procedure as above,
we can prove that (ue,v.) converges strongly to (ug, vg) in Wol’p(P, Q) x Wol’q(Q, Q).
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Indeed, since €'\Pu, — 0 a.e. on Q, we have

e <t <t e 17 (@
1+ |et\py fp=11 = 1€ - ’

with [ € L¥(Q) and
|u€|p_2u6

a(x) 1 + |€1\pue|p71

Hence, from the Dominated Convergence Theorem, we obtain

/ (a(@) (el ) (14 [ VPu? ™) ™ fugPugl)” =0, as e — 0.
Q

— a(z)|uo|”2up a.e. on Q.

Also, since e'\Pu, — 0 and ¢'\%, — 0 a.e. on €, then
ue|* (1 + |61\pu6|0‘)_1|v6|5v6(1 + |el\qv6|6+1)_1 — Juo|®|vo|Prve, a.e. on Q,
and, as in the proof of Lemma [4.2] we have
| ue|® ‘vewve
(1 + |61\pu6|a) (1 + |€1\qve|3+1)
with m € L7(Q). From the Dominated Convergence Theorem, we have
a B .
O eyt ey — ol ) o

ase — 0. Similarly, we have

|u6‘au6 |’U5|ﬂ a B1G"
/Q (C(I)[(l + |€1\pu€|a+1) (1 + |€1\’11}€|5) - |U0| ’(,L0|’U0| D —0 ase— 07

| < Juel o < 10mH e LP(Q)

|v€|Q72’UE q—2 q*
o d(l’)[m — |’UO| UO)] —0 ase—0.

Therefore, passing to the limit, (ue,ve) — (ug,vo), and hence we obtain from
—Appuo = a(x)|uo|”""2ug + b(x)|uo|* [vo|Pvo + f in Q,
—Ag.qv0 = d(z)|vo| T %vg + () [uo|“uolvo|® + g in Q.

Hence, (ug,vo) satisfies the system (T.4). O

Remark 4.4. (i) When P(z) = Q(z) =1, p = ¢ =2 and o = 8 = 0, we obtain
some results presented in [4]. (ii) When P(z) = Q(z) = 1 and the coefficients
a(x),b(x), c(z) and d(z) are constants, we have some results presented in [5].
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