Electronic Journal of Differential Equations, Vol. 2019 (2019), No. 51, pp. 1-21.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

MONOTONE ITERATION SCHEME AND ITS APPLICATION TO
PARTIAL DIFFERENTIAL EQUATION SYSTEMS WITH MIXED
NONLOCAL AND DEGENERATE DIFFUSIONS

QIULING HUANG, XTAOJIE HOU

ABSTRACT. A monotone iteration scheme for traveling waves based on ordered
upper and lower solutions is derived for a class of nonlocal dispersal system
with delay. Such system can be used to study the competition among nonlo-
cally diffusive species and degenerately diffusive species. An example of such
system is studied in detail. We show the existence of the traveling wave so-
lutions for this system by this iteration scheme. In addition, we study the
minimal wave speed, uniqueness, strict monotonicity and asymptotic behavior
of the traveling wave solutions.

1. INTRODUCTION

Recently, a lot of attention has been given to the study of nonlocal equations
and systems arising from real world applications and theoretical mathematical de-
velopments. In [, 2| B 12, 3], nonlocal models from interface of crystal were
studied; in [9, [10], the authors handled the nonlocal problems from ecology. In the
natural world, some species diffuse locally while others diffuse non-locally or even
are non-diffusive. As is well known, the classical diffusion equation can be derived
by Brownian motion. By using the position jump method, a rigorous mathemati-
cal derivation of the nonlocal diffusion equation was obtained in [16] under various
boundary conditions, see also [8]. The nonlocal equations have many similar prop-
erties to their classical diffusion counterparts such as the maximum principle and
the comparison principle. In [I4], a comparison principle based on sliding domain
method was derived and it was used to study the uniqueness and asymptotics of
the wave solutions of a nonlocal version of Lotka Volterra system. In [15], another
nonlocal Lotka Volterra system was set up to study the outcome of the competition
between the local and non-local species. It is interesting to ask the question of
the outcome of the competition among species without diffusion and species with
nonlocal diffusions. A similar problem was treated in [I1] for systems with mixed
local diffusions and non-diffusions by using spreading speed method. In this article,
we study the outcome of the competition between species with nonlocal diffusions
and species with no diffusions. In particular, we will focus on the asymptotic decay
growth rates of those species as well as the uniqueness of the competition’s outcome.
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We consider the traveling wave solutions of the following temporally delayed
reaction diffusion system

0
aU(x,t) = (DU)(z,t) + F(U(x)), (1.1)
where z € R, t € RT, U(z,t) = (ug, us,...,u,)(z,t) € R*, F:C([-7,0],R") — R",
7> 0 and

U(z) =U(t+0,2) € C([-7,0,R"), 6¢€[-7,0],teRT zeR.

The n x n matrix function DU = diag(...d;(J; *u; —u;)...0...) is diagonal with
d; >0for 1 <i<k<n. The term J; x u; = fR Ji(z — y)u;(y)dy is a convolution,
and J; * u; — u; represents the nonlocal diffusion. For 1 < i < k, the integration
kernel J; satisfies: J;(-) is even, nonnegative with nontrivial support, [ J(s)ds =1,
and

JI(-) € L'(R), /R|3|J(s)ds < +o00.

We further assume that .J; decays sufficiently fast at +oo such that [ e J(s)ds <
+oo for any A € R. The function F:C([—7,0],R™) — R"™ satisfies the following
conditions [I8] 211, 22]:
(H1) F(0)=F(K)=0and F(W) #0 for W € R"” with 0 < W < K.
(H2a) (Quasi-monotonicity condition) There exists a positive matrix 8 = diag (531,
B2, ..., Bn) such that
F(U) - F,(V,)+ (B —d)[U(0) -V (0)]; >0, i=1,2,...k,
F(U) = F;(Vi)) + B5[U(0) =V(0)]; 20, j=k+1,...,m,
for U,V € C(]—7,0,R™) with 0 < V(s) <U(s) <K, s € [-7,0]. or

(H2b) (Ezponential quasi-monotonicity condition) There exists a positive matrix
B = diag(p1, B2, - - ., Bn) such that

F](U)—FJ(V)—FﬁJ[U(O)—V(O)b20, j:k—l—l,...,n,
for U,V € C(]-7,0,R") with 0 < V(s) < U(s) < K, s € [-7,0] and
eP*[U(s) — V/(s)] is non-decreasing in [—,0].

(H3) F satisfies uniform Lipschitz condition; that is, there exists a constant L > 0
such that

|[F(U) = F(V)| < LIU - V|
for U,V € C([-7,0],R™) in usual norm in C([—7,0],R™).
Remark 1.1. The KPP equation with a non-monotonically delayed reaction term
(see [21])
up = d(u) + u[l —u(t — 0, z)], (1.2)

where d(u) is either the local diffusion term w,,, or the nonlocal diffusion term
J *u — u, which can be dealt with condition (H2b) but not (H2a).

If k = n, (1.1) is the nonlocal reaction diffusion system that has drawn consid-
erable attention recently. The existence of the traveling wave solutions in this case
was established in [20] 22] 25] 26] by monotone iteration method. In this paper, we
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will consider the case 1 < k < n which describes the competitions and/or coopera-
tions among non-local diffusive and degenerate diffusive species. As a motivational,
we study the system

u=Jxu—u+u(l—u—rv),

1.
vy = —buv, (1.3)

where u and v represent population densities of two competing species, and the
species u diffuses non-locally while v does not diffuse. This model is a nonlocal
analog of the one studied in [24] which describes the competition between the
precursor and differentiated cells. We assume that the precursor cells diffuse non-
locally. A traveling wave solution connecting the extinction state and coexistence
state will provide insight to the outcome in the competition between local species
v and nonlocal species u.

A traveling wave solution to is a C2(R)¥ x C1(R)"~* function U(x,t) =
U(x 4 ct) =U(&), £ =x+ct, ¢> 0, which satisfies

D) — U’ + F*(Us) = 0,
U(-—x) =0, U(+x)=K, (1.4)

where F¢:.C([—7,0],R™) — R™ is defined by
Fe(U) = F(¥°), U0)=¥(ch), 6ecl-7,0].

Since system is monotone/quasi-monotone, an iteration scheme based on
upper and lower solutions can be proposed. In [2I], an iteration scheme was de-
veloped, and in [I8] 22] a fixed point type of argument was applied to show the
existence of the traveling wave solutions. A suitably constructed upper and lower
solution pairs are the key ingredient in the proof of the existence as well as the
asymptotics of the traveling wave solutions.

In section 2, a continuous mapping which maps a compact invariant region into
itself is constructed. The profile set is proven to be compact by the Helly selection
theorem. We obtain the existence of the traveling wave solution by the Schauder’s
fixed point theorem.

In Section 3, we apply the monotone iteration scheme developed in the previous
section to system . We use the ideas from [22] to set up the upper solution
and use a known traveling wave solution of a nonlocal KPP equation to set up
the lower solution. Then we show the orderness of the upper and lower solutions
by a generalized sliding domain method. We further show that the traveling wave
solution is unique for every wave speed. In addition, we also derive the monotonicity
of the traveling wave solutions and their asymptotics. We note that there are
few results on asymptotics of the traveling wave solution for nonlocal equations
due to the lack of systematic treatment of linear nonlocal equations [0l [I7]. We
overcome the difficulty by adapting Ikehara’s Tauberien Theorem into nonlocal
systems. These results are new and have the potential to be used in studies of
other models in real world applications. However, we would like to point out that
our construction of the upper and lower solutions is different from that in [2I], 22].

Throughout this article, the inequality between two vectors is understood com-
ponentwise.
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2. MONOTONE ITERATION SCHEME

The existence of the traveling wave solution for systems under the quasi-
monotonicity condition (H2a) is proved in section 2.1. In section 2.2, the cor-
responding results for the systems satisfying the exponential quasi-monotonicity
condition (H2b) are stated without proving.

2.1. Waves in the mixed diffusion system under quasi-monotone condi-
tion. We establish the existence of the monotone traveling solutions for system
using the Schauder fixed point theorem. The following set up is standard
[18, 22]. Denote

Co.x)(R,R") ={U(§) : U(§) e C(R,R™), 0 <U(¢) <K, £ € R}, (2.1)

a cube in the continuous function space C'(R,R"™).

Let ® = (¢1,¢2,...,0,). System (1.4)) is written as

— et — By + Hy(®) =0, 1<i<n, (2.2)
where
H; (D) = di(Ji = ¢i)_ b)) + Bidhi + FE(De), i= 1,2,...,k, 2.3
Bidi + Ff (Pe), i=k+1,...,n
Define the map
T : Cio.x)(R,R") = Cox)(R,R") (2.4)
by
1 _s £ 4
(T®);(§) = ;e*?ﬁ/ e VH (@) (y)dy, i=1,2,...,n. (2.5)

We collect the properties of H and T.

Lemma 2.1. For functions ® and ® with 0 < ® < & < K and any ® € [0,K] we

have
(1) H(2)(€) < H(®)(€), T(R)(§) < T(®)(€) for £ € R;
(2) 0 < H(®)(€) < AK, 0 < T(D)(€) <K for € € ’;
(3) g( )(&) and T(®)(§) are non-decreasing provided ®(§) is nondecreasing on

Proof. (1) The first part of conclusion comes from (H2a), and for 1 < i < n, we
have
Bi

— 1 Bi £ =
TUB)O) - T@)(E) = pe ¥ [ HVH(E) - B®)w)dy 2 0.

(2) For any 0 < ® <K, by (1), we have
0 = H(0) < (D) < H(K) = FK.

and the second half of the conclusion comes from direct integration.
(3) If for ¢ > 0 we have ®(£+¢) > @(€) for £ € R, then the rest of the conclusion
follows from conclusions (1) and (2). O
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Let p be chosen such that

. Bi
0<p< oin. {?}7 (2.6)
then the space
C"(R,R") = {®(£) € C(R,R™)|sup|®(¢)|e "k < o0} (2.7)
£ER
equipped with norm
||, = sup|®(¢)[e ¢! (2.8)
£ER

is a weighted Banach space.
Note that we may choose other weight functions such that C* (R, R™) is a Banach
space and all the proofs in the sequel hold.

Lemma 2.2. T : Cjo k(R,R") = Cjo k) (R,R") is continuous with respect to the

norm ([2.8]).
Proof. Firstly, we will show that H : Cjo k] (R, R™) — C*(R,R") is continuous. For
any ®, ¥ € Cpo k(R,R") and 1 <i <k,
[H,(®) — H(¥)|e 71! < dy| J; % (@ = ¥); — (B — ),
+ Bil(® = V)il + [(F(®) — F(¥))il,
< (2d; + p; + L)|® — ¥,
and for k+1 < j <n,
[H, (@) — H;(W)]e"¢ < 8;]@ — |, + |F(®) — F(V)],
< (BJ + L)|(I) - ‘I’|p‘

The continuity of H follows.
Next, we show that T is a continuous mapping into Cjg kj(R,R™). That T maps
Co,x)(R,R™) into itself follows Lemma For 1 <i<n,

(e (6) - (rw) (o) e < Lo 1 iy @) ), 09

— 0o

if € <0, then (2.9) is

1 & ¢
—e °§+pf/ & Py |H; (®) — Hi(¥)|, < C1(Bi, ) [Hi (@) — H; (V)] ,,
— 00

C

if £ > 0, then
. 0 4 €
76775705[/ 6(f+p)ydy +/ e(T"’)ydyHHi(fb) — H; ()],
—o0 0

< Ca(Bs, ©) H; (@) — Hi ()],

where C7, C5 are two positive numbers depending on §; and c¢. Therefore, T is
continuous following easily from the continuity of H. O

We next define the upper and lower solutions for system ((1.4)).
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Definition 2.3. We say U(¢) € C?(R)* x CY(R)"~F, € € R, is an upper solution
for system (L.4)) if it satisfies

7D(U) — U + {76((75) <o, (2.10)
U(—o0) =0, U(+c0)=K.

A function U(¢) € C*R)* x CHR)"F, ¢ € R, is called the lower solution for
system (|1.4) if it satisfies
DU) —cU' + F(Uy) > 0,
U(—o0) =0, U(+o0) <K.
Remark 2.4. If Ul(f) = (U11,U12,- - - ,’Uln) and Ug(f) = (’Ugl,ﬂ,gg, . ,ﬂgn), £eR
are two upper solutions for (|1.4]), so is the vector function (min(@11(€), t21(§)),- - -,
min(@1,(€), @2,(€))). The same conclusion also applies to two lower solutions of

(1.4) but we should change the minimum value of the two components into maxi-
mum of the two [12].

Based on the upper and lower solutions of , we next define the profile set:
r= {q)(f) € C(R,R") : (1)®(&) is nondecreasing,
(2)U(E) < 8() < T(E), (3)|2(§) = (O)| < Lil¢ — ¢l },

where L = maxlgign{%;ﬁ" }, and k; (1 < i <mn)is the i-th component of K.

Lemma 2.5. The set I' is a compact and convex subset of C’[’(”) K] (R,R™) and T
maps I" into T'.

Proof. The process for verifying that I' is convex is straightforward. We next show
that I' is compact. Let {®,(£)}52,; be a sequence in I'. Then ®,, is uniformly
bounded and nondecreasing. It follows from Helly’s selection theorem [23] that
there is a subsequence {®,,(£)}22; and a function ®(£), £ € R such that for each
EER, {D,,(&)} — ®(&) pointwise as i — +oo. Then it follows that ®(€) is bound
by U(¢) and U(€) and is nondecreasing.

Next we show that ®(&) is continuous in the topology induced by the weighted

norm. For any &;,& € R, we have

[@(&1) = D(&2)] < |P(62) = Py (§1)[ 4 [P, (§1) — Py (€2)[ + [P, (§2) — P(€2)[ = 0

as & — & and ¢ — 4o00. This shows that ®(£) is a continuous function in C'(R, R"™).
Since e~?¢l <1 for all £ € R, the continuity of ®(£) in the weighted Banach C'*
follows from the continuity of ® in C. This leads to the convergence of {®,,,(£)}22
in C"¥. Then ®(&) € T follows from that Clo,k) is a Banach space.
We next show that T maps I into itself. First for ®,, € I' and any ¢ > 0, we fix
1<i<n,

(T®)i(§ +¢) — (T®)i(¢)

1 5 g 1 e (¢ &
— et [ @) gy - e [ @)y

s [© B0 Lo-se [ 2y
= e e e VT H, (@) (y + C)dy — —eT e e YH,(®)(y)dy
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B

Bi ¢ J
— et [ PmE@) + 0 - B@) W)y 2 0

This shows that T(®)(£) is nondecreasing for £ € R.
We next show that T satisfies the second condition in I'. By Lemma this
can be reduced to show that

U() < (TU)(E) < (TU)(€) <U(S), R
For 1 < i < n, we have (TU);(—o0) = 0 and
€ eBiv/ e
lim (']I‘Q)l(g) = lim ffoo HZ(Q)(y)dy

E—+o0 £—+o0 ePi€/e
1
i

= Ui(+o0) + 7 Fi(U(+00)) 2 U;(+00).

We can also verify that (TU),(€) satisfies
—¢(TU); = Bi(TU); + Hy(U) =0, £ €R.
Since U(€) is a lower solution of (T.4),
—c(U); — Bi(U)i + Hy(U) > 0.
We can set W (&) = TU (&) — U(&). Then W;(€) satisfies
W]+ BW; >0, £€R

or equivalently, c(W;(€)e®€/¢)’ > 0, which means W;(£)e¢/¢ is increasing for ¢ €
R. In particular,

W;(&)efis/e > Jim W;(€)efi€/c = 0.
——00
Therefore, (TU);(€) > U,(€), ¢ € R. In the same way, we have TU (&) < U(¢),
EeR.
Finally, we show that T satisfies the third condition on I'. For ® € T, 1 <i<n
and ¢ < &, we have

|(T®)(§) — (T®): ()]

c — 00
=lem e VHi(®)(y)dy — e e < VHi(®)(y)dy

. £ 4
e B [ @) )

¢ ay 1 _sie [© 5,
e VHy(®)(y)dy + —e™ = e VH; (®)(y)dy
—0 ¢

]_ Bi B
< lem T —em el
c

< ki‘e—ﬁ%(i—@ _ 1| + k/’i|1 _ e—%(5—4)|
2k; B;
< —-( < Lil§— ¢l

c
The proof is complete. O
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2.2. Waves in mixed diffusion systems under exponential quasi monotone
conditions. We use the same framework as in Section 2.1. Hence, through
(2.5) will be carried to this section. Let U(£) and U(£), ¢ € R be defined as in
Definition we introduce the profile set

I = {@(f) € C(R,R™) : (HU(E) < ®(¢) < U(E), ®(¢) is nondecreasing,

(2)|9(8) = (O] < Lif¢ = ¢, (3)e™ (i€ +5) = ®i(€)), ™S (Til€) — i(€))
and e%¢(®;(¢) — U,(€)) are nondecreasing, i = 1,2, ..., k;

-1

B B o
(4)e = E(D5(E + ) — ®;(€)), €7 S(T;(€) — 5(€)) and
8
eTJE(q)j(f) —U,;(§)) are nondecreasing, j =k +1,... ,n.}
The following properties of H and T can be proved similarly as in Section 2.1.

Lemma 2.6. For functions ® and ® with 0 < ®(¢) < ®(¢) < K and any ® €
Cro.x)(R,R™), we have

(1) H(®)(&) < H(®)(€), T(2)(§) < T(®)(€) for & € R;

(2) 0 <H(®)(&) < BK, 0 < T(®)(§) <K for { €R;

(3) ePE(P(E+ s) — ®(&)) is non-decreasing, and H(®)(€) and T(®)(€) are non-
decreasing provided ® (&) is nondecreasing on R.

Lemma 2.7. T:Cjo k)(R,R") — Cjo k](R,R") is continuous with respect to the

norm .

Lemma 2.8. The set I'1 is a compact and conver subset of Cfg K] (R,R™), and T
maps 'y into I'y.

Proof. The proof of this first part is the same as that of Lemma [2.5] Next, we will
show that T maps I'; into itself. Since U(£) < T®(¢) < U(€), the nondecreasing
of T®(E), and |(TP)(&) — (TP)(¢)| < L1|¢€ — (| can be proved exactly as that in
Lemma we will skip this process. We show that T® satisfies the third and
fourth conditions in the definition of I';.

For 1 <i < n, we can verify that

d, gese
dfg(e’&f/ (Tq))l(f + S) - (T(b)z(g))

— (e e / I ED) )y — e / D), (1))
d [¢ & S
- % / ¢ HY(EP)(y + 5)dy — / eRYE), ()dy)

= PO ((HE) (€ + 5) — (HD)i(€)) = 0.
Next we show that e%€/¢((TU);(¢) — (T®);(€)) for 1 < i < n are nondecreasing
in €.

d c
gg (@ T0)(8) = (T2)i(€))

d sieseie-2¢ [* Zump ae [ 2y
= st [ gy - [ Frme) )
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€ a £ .
- d%( / D) () - / D), ()dy)

= P ((HT)i(€) — (HP);(€)) = 0.
We can prove similarly that e%€(®;(¢) — U,(€)) and eP€/¢(D;(¢) — U,(€)) are
both nondecreasing in &. O

2.3. Existence results.

Theorem 2.9. Assume that the conditions on F hold. If (1.4) has an upper
solution U(€) and a lower solution U(§) for some ¢ > 0 and U(§) < U(E), £ € R,
then (1.4) has a monotone solution, i.e., there exists a traveling wave solution for

c>0.

Proof. By Lemma and the Schauder fixed point theorem, T has a fixed point
®* € T'. Then lim;—, . P*(¢) exists, and we denote it by ®%. The assumption
(H2a) further implies that T(®%) = 0. Combining these with the assumptions
(H2) and (H3), we have ®* = 0 and ®*% = K. This completes the proof. O

3. APPLICATIONS

Consider the mixed reaction diffusion model:

8—u=J*u—u+u(1—u—rv),

ot (3.1)
@——buv
ot ’

for (x,t) € R x RT. This model is used in population dynamics. In system ,
u(zx,t) is the population density of the invasive species and v(z, t) is the population
density of the local species. The invasive species u diffuses non-locally with diffusion
measured by J % u — u while the native species v is non-diffusive. The interaction
constants r and b satisfy the conditions

O<b<l—r, >0 (3.2)
Lemma 3.1. If (3.2) holds, then the equilibrium (0, 1) is unstable and the equilib-
rium (1,0) is stable for system (3.1)).
Proof. The Jacobian matrix of system (3.1]) is

1—2u—rv —ru
—bv —bu

1—7r 0

-b 0
at the equilibrium (0,1). Therefore, if 1 —r > 0, then (0,1) is an unstable equi-
librium of the corresponding ODE. It follows that it is also unstable for system

(3.1). Next, we show that the equilibrium (1,0) is locally asymptotically stable.
The linearized equation at (1,0) is

which is

0wy
ot

ow
87152 = —bws, (7,t) ERxRT.

= Jxwy — 2wy — rws,
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It is easy to verify that the above system admits exponential dichotomy [I9]. Hence,
the corresponding linear operator does not have eigenvalues in L?(R) x L?(R). Next,
we study its essential spectrum. Let

w1 _ A At+inx
(wg)_(B)e , AeC, neR.

Inserting them in the above linearized system at (1,0), we have

(@)= (0 )

So, the essential spectra satisfy Re A = Re( [ J(s)e"*ds —2) <0 and A = —b < 0.
So, (1,0) is stable [3]. O

Let £ = x 4 ct. Then the traveling wave solution of connecting (0, 1) with
(1,0) is the solution of the system
Jxu—u—cu +u(l—u—rv)=0,
v’ + buv =0, (3.3)
(u,v)(=00) = (0,1),  (u,v)(+00) = (1,0).

The existence of a traveling wave solution to system (|3.3)) implies the successful
invasion of the nonlocal species u. By the transformation

u=u, v=1-—w,
changes system (3.3)) into the monotone system
Jxu—u—cu' +ull—r—u+rv)=0,
—cv' +bu(l —v) =0, (3.4)
(u,v)(—00) = (0,0), (u,v)(+00) = (1,1),
where we drop the bars over u and v for convenience. Consider the function
Ay (M) = / J(s)eMds —1—eh+ (1 —7). (3.5)
R
According to [26], there exists a positive constant
* : 1 As
¢ —r)]\n;gx{(/RJ(s)e ds 1)+(1 r)} (3.6)

such that for ¢ = ¢*, A;(A\) has one double zero A(c*) and for any ¢ > ¢*, Ay has
two positive zeros A1(c) < Aa(c).

Similar to Definition we can define the upper and lower solutions for (3.4
as follows.

Definition 3.2. A smooth function (u(£),v(¢))T, ¢ € R is an upper solution of
(3.4) if it satisfies
Jxu—u—cu' +u(l—r—u+rv) <0,
/ (3.7)
—cv' + bu(1 —v) <0,

as well as the boundary conditions

(u,v)(—o00) > (0,0), (u,v)(+00) > (1,1). (3.8)
A lower solution of (3.4) is defined similarly by reversing the inequalities in (3.7))
and (3.8]).
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We set up the upper solutions for (3.4). For each fixed ¢ > ¢*, let

/\1(0)57 <0,
“e) = {i 2 > 0.

Lemma 3.3. Let condition (3.2) hold. Then for each ¢ > ¢*, (u,9)(§) = (4, u)(£),
€ € R defines an upper solution for (3.4)).

Proof. Tt is easy to see that (u(£),v(€)) = (1, 1) satisfies the inequalities (3.7)) and
(B.8). For (u(&),v(€)) = (eM(E M) ¢ € R we have

Jxu—u—cu +u(l—r)—(1—-ru?=—(1-rpu*<0,

and
— M eME £ beME (1 — eME) = eME(—cA 4 b) — be?ME, (3.9)
Let Ag(A) = —cA+b. Then by (3.2) we have

Ar(N) — Ag(N) = /Rj(s)e)‘sds —l—cA+(1—r)+cA—b

:/J(s)e/\sds—l—i—(l—r)—b
R

2252
:/J(s)(1+)\s+ bds—1+(1—1)—b
R
¥ ,
2? J(s)s*ds + (1 —r)—b>0.
R

Therefore, Ay(A1) < Aj(A1) = 0. This means equation (3.9) is negative. Hence,

(u(€),v(€)) = (& M(e)€) gatisfies inequalities (3.7) and (3.8)). So, this conclu-
sion follows by Remark O

Next, we define the lower solution for system (3.4). The construction of the
lower solution depends on the following information; see [I7} 26] for more details.

Lemma 3.4. Let ¢* be defined as in (3.6). Then for any ¢ > ¢*, the nonlocal KPP
system

J*U*U*CU/+(17T)U(17:::;ZU) =0,
-r (3.10)

1_
u(—00) =0, u(4+o00) = 17_'_711 >0

has a unique (up to a translation of the origin) monotone solution, and the solution
has the following asymptotic behaviors: for the critical front with speed ¢ = c*,

w(€) = b€ I 4 o(¢eME), ¢ — —oo,

1—r

w() = 1
and for the noncritical front with speed ¢ > c*,

w(§) = awe)\l(c)‘E + 0(6)\1(6)5), § — —o0;

1—r

w(€) = 1+1

where :\\1(6) is the negative root of A(X) = [ J(s)e*ds —1 —cA — (1 —r), and
l,ay, Cw, dy are positive constants and by, is negative.

- alwexl(c*)5 + o(eil(c*)g), § — +oo,

— @6 (M) ¢ 1ao
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For any fixed ¢ > ¢*, let u(§), £ € R, be a solution of ([3.10)).

Lemma 3.5. If condition (3.2)) holds, then for each ¢ > c¢*, (u(£),v(§)) = (w(§),0),
& € R, defines a lower solution for (3.4).

Proof. At the boundary, we have (u,v)(—00) = (0,0) and (u,v)(+00) = (35£,0).
For the u component, we have
Jxu—u—cu +ul—r—u+rv)

1+1

:J*g—g—cg'—&—(l—r)g(l—l u)
—r
—(177")@(1711+lg)+g(171"—g)
—r

=u(l—r)— v +u[-(1—r)+ (1 +Du) =lu® > 0.
The verification for v component is trivial, so we have omitted it. This completes

the proof. O

For convenience of a later proof, we derive the following version of sliding domain
method for the mixed diffusion systems.

Proposition 3.6. Let Ns0 and for 1 <i <k, k+ 1< j <n, consider the system

di(Ji % ¢s — i) — et + Y aim(§)dm <0,
. m=t (3.11)
—cd+ Y am(€)ém <0, £€[-N,N]
m=1

with boundary conditions:
$i(§) 20, &€ (—00, =NJU[N, +00), (3.12)
¢j(—N) >0, ¢;(N)>0. (3.13)
Suppose apy >0 forl #m, l,m=1,2,...,n. If $,(§) > 0 for & € [-N, N], then
dm(§) >0 for £ € (—N,N).

Proo[. Suppose that the conclusion is not true for some ¢. If 1 < i < k, then t}lere
isa € (=N, N) such that ¢;(§) = 0, then ¢;(§) takes global minimum at &. Tt

then follows that ¢.(¢) =0, and

(% b — 62)(E) = / JE —4)(diy) — 6:(&))dy > 0. (3.14)

However, by the assumption a;,, > 0 for [ # m, I,m = 1,2,...,n, we have for
g € (7N7 N)v
di(J; % i — i) — cd + aii (§)ds < — Z Aim(§)ém <0
which leads to a contradiction with (3.14). Hence, we have ¢;(£) > 0 for ¢ €
(=N, N).
If k+1 <1i<n, then by assumption we have

—cd +aj;0; < Y ajm(€)dm <0,
m#j
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Then for £ € (—N, N), we have
(e_% S ajj(S)ds¢i(§))/ >0
which means e~ J<m ““(S)dsqﬁi (&) is increasing in [—N, N]. In particular,
—1 € ajj(s)ds ¢
e e Lo e I,(8) > 6i(~N) > 0
which leads to a contradiction. This completes the proof. O

Proposition 3.7. Let two C? vector functions U(¢) = (u1(£),u2(€), ..., 4, (£))
and U (&) = (uq (&), u5(E), - .., u, (&) satisfy the following inequalities

DU - cU'+F(U)<0<DU—-cU' +FU), ¢e[-N,N],
U() <U(-N), &€ (~o00,—N],
U(N) <U(§), €[N, +o0),
where DU = diag(...d;(Ji*u;—u;)...0...),1 <i <k, F(U) = (F(U),...,F,(U))
is C1 with respect to its components and 25] >0 fori#j,i,7=1,2,...,n, then
U <U). €€[-N,N|.

Proof. We adapt the proof of [4]. Shift U(€) to the left. For 0 < u < 2N, consider
Ur(&) := U(€ + p) on the interval (—N, N — p). At both ends of the interval, by

and , we have

U(€) < UX(E). (3.15)
Starting from g = 2N, decreasing u, for every p in 0 < p < 2N, the inequality

(3.15)) is true at the end points of the respective interval. For decreasing i, suppose
that there is a first g with 0 < g < 2N such that

Q(f) < W(f), g € (7Na N — M)
and there is one component, for example, the i—th, such that the equality holds at a

point &; inside the interval. Let W (&) = (w1(€),wa(€), ..., wn(€)) = UH(E) = U(E),
then w;(§), ¢ = 1,2,...,n satisfies

Di i — ! + L 0 < Dl i — ' + E i
w cw; ” w w cw; < u]

wi(§1) =0, w;(§) >0, £€[-N,N —pul.

If 0 <i <k, then w; =0 for £ € [-N, N — p] by the Maximum principle. This is
in contradiction with (3.15) on the boundary points £ = —N and £ = N — u. If
k+1<1i<n, since

’LUJSO

(3

aui

—cwg + w; <0,

we can have for £ € [-N, N — p],
G 3

_1& OF;
which means that e~ < /-~ 75 “10;(€) is increasing on [—N, N — ). This together
with (3.15) implies that w;(£) > 0 on [-N, N — p] which is in contradiction with
w;(&1) = 0. Thus, we can decrease p all the way to zero. This proves the conclusion.
(]
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Based on the previous two propositions, we show the upper and lower solutions
constructed in Lemmas [3.3] and B.5] are ordered.

Lemma 3.8. For each fized ¢ > c*, let (4,7)(€), (u,v)(§), & € R be the corre-
sponding upper and lower solutions obtained in Lemmas and respectively,
then there exists a ¢ > 0 such that

(@,0)(§) = (w,v)(§ =¢), E€R
Proof. According to Lemma u has the following asymptotic behaviors
u(€) = AeM 8 4 o(AeM 8 £ o0,
Since is shifting invariant, we have for any fixed ¢ > 0,
w(€ —¢) = Ae™ MO8 L (AN (8 ¢ 5 o0,
It follows that for a sufficiently large ¢ > 0,
Ae M@
The boundary conditions of (@, 9)(§) imply the existence of a large number N > 0
and (y > 0 such that
(@,0)(&) > (w,0)(§ = G), &€ (—00, =NJU[N, +00).
Since system is monotone and the upper and lower solutions are monotonically
increasing, then by Proposition [3.6] we have
(@,0)(§) > (w,2)(§ — G), &€ (=N,N).
Hence after a shifting of the lower solution, we have the orderness of the upper and
lower solutions. O

We will still denote the shifted lower solution as (u,v)(£), € € R.

Theorem 3.9. Assume condition . Then for each ¢ > c*, system has
a unique traveling wave solution. The solution is strictly monotonically increasing
on R. There is no monotone traveling wave solution for 0 < ¢ < c¢*, and c* is the
minimal wave speed.

For c = ¢*, the traveling wave has the following asymptotic behaviors:

Apx Ai(e")§ AL(e®)E
G ) e

and

u(@)) _ (1- A e b _ *6_)‘2(6*)5

’U(f) B 1 _AC 7%5

cemewt e 2(e7)E
e (AC : A+eB *65 )> as & — +oo.
For ¢ > c*,
u A et (e)E .
(’l)gg;) = (B eAl(c)ﬁ) +0(e)‘1(l)f) as € o0,

and
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A.e %€ 4 B e (o)
‘o Ace + chge )
Age et

> as & — 400,

where Ay is the smaller one of the real roots of equation fR N J(E)dE—1—cA—1=0
and —cA+b=0. A, Ber, Aex, Ber, A ,and A, B, A., Be, A, are real numbers
and at least one of A., B, (or hatA.) is non-zero, the sign of A, (or Ac) and B.
should be chosen such that the above equations are well defined.

Proof. The proof is divided into five steps.

Step 1. The existence of the traveling wave solution for system comes from
Theorem 2.9 and Lemma [3.3] through Lemmas [3.5 and Since the traveling wave
solution is a fixed point in the profile set, it is monotone. In addition, the component
u of the traveling wave solution is strictly monotonically increasing because of the
maximum principle.

For the component v, from the construction of upper and lower solutions, we
have v < 1 for £ < 0. Therefore, there exists a positive constant M such that
v = gu(l —wv) > 0 for £ < —M. Thus, v is strictly monotonically increasing for
€ € (—o0, —M]. Let (w1(§),w=2(8)) = (w'(£),v'(£)). Then we have

—cwh + b(1 — v)w; — buwy = 0.
We rewrite it as

cwh + buws = b(1 — v)wy > 0.
Then we have

(e S5 sy, ()Y >0, ¢ € [-M, +00)

which means that e* EM“(S)dSwQ(S) is increasing on [—M, +o0). This together
with wao(—M) > 0 implies that we(€) > 0 on (—M, +00). Therefore v is strictly
monotonically increasing for £ € [—M, +00). Hence, v is also strictly monotonically
increasing for £ € (—o0, +00).

Step 2. We derive the asymptotics of the traveling wave solutions at infinities.
Comparing the decay rates of the upper and lower solutions at —oo, we have the
asymptotics of the u component at —oo,

u(f) — Ace/\l(c)f 4 0(6)‘1(0)5).

To derive the asymptotic of the v component at —oo, we investigate the derivative
(w1(§),w2(€)) of the traveling wave solution (u(),v(§)), which satisfies the system

Jxwy; —wy —cw] +wi(1 =7 —2u+rv) + rwjwy =0,

—cwy + b(1 — v)w; — buwy = 0,

(3.16)
w1 o 0 w1 _ 0
() 2= () () e=-3):
The limit system of (3.16]) at —oo is
Jxw; —w; —clwy) +w; (1 —1r)=0,
L = clwy) +ur (1= 1) o1

—c(wy) +bwy =0.

Since wy(€) is a derivative of u(€), we have w; (€) ~ e*(D¢ as ¢ — —oo. By
integrating the second equation of (3.17)), we have

wy (&) = deM 8 4 o(eM1(9)8), (3.18)
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From the second equation of (3.17)), we see d > 0. Then the asymptotic behavior of
v(&) is obtained by integrating wy (§) from —oo to €. So the traveling wave solution
has the following asymptotic behaviors:

Ai(e A1le
(169) = (o) +o (Gue) ase— =
Next, we derive the asymptotics of the traveling waves at +o0o. By introducing
transformations: 4 =1 —u and © = 1 — v, system is changed into
Jxd—a—c(a) + (1 —a)(ro—a) =0,
c(d) +b(1—a)d =0 (3.19)
)

=0, (3.20)

where the derivative is taken with respect to £&. Then we need to study the asymp-
totics of (i, ?) at —oo for the system (3.20]), which can be rewritten as

Jxii—a+cl@) —a+ro=—a+ro—(1—a)(ro—a) = Ry (a,0),
—c(®) + b = b — b(1 — @)D = Ro(a, D).

Similar to the proof of [14, Lemma 10], we can show that for the solutions of (3.20)
there exists a positive constant  such that

)\ _ (0(e) F_, _

(@(£)> = <O(675) as £ — —oo.

For X\’s such that —y < Re A < 0, the two side Laplace transform of @ and ¢ are
well defined. Let

OV = ([ e a@, [ o).
then system can be written as
(f]R eA&J(g)dgo— 1+ch—1 7C;+ b) (ggi;) _ /Reﬂg (%EZE |
or equivalently,
U
(Vi)

- (fRe*fJ@)dfO—HcA—l _C;+b>‘1 / A (Rm <§>,@<§>>) .

(3.21)

1 —7
_ (fR e M J(QdE—1+erA—1 [y e’\fJ(f)df—l-i-c/\—l][—c)\—i-b])
1
—cA+b
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=~ -2 Ry (a(g)?@(f))) e
0 [ (Gata@ote))
Further, system can be rewritten as

o a()erdg) M/ oA <R1(1}(§),1}(§_))) dE — o a(§)e e\
o D(€)erdE R Ra(a(€), 9(€)) 0 5(€)eEdE
Since 4 and ¢ are monotonically decreasing, by Tkehara’s Tauberian Theorem [5]
the asymptotics of © and 4 are

) ~ M, D) v et £ —oo,
with Ay > 0 being the smaller one of the real roots of equations fR e J(€)dE —

14+cA—1=0and —c\+ b= 0. Therefore, the asymptotics of the traveling wave
(G, ©) at —oo are

a(f) _ che%g + BCGS\Q(C)E Aceﬁf + _065\2(0)5) 3
(W@) B < Ageté +o Aett , £ — —o0,

where A is the smaller one of the real roots of equations fR eNJ(€)dE—1+cA—1=0
and —cA\+b=0, and A, B, (flp) are real number and at least one of A., B, (/L)
is non-zero, the sign of A, (AC) and B, should be chosen such that the above
equations are well defined.

On changing back to v and v, we have the estimates:

u(@))  (1- Agem¢8 — Boe 2 Acem et + Bem22(0))
(U(§)> B ( 1— Aeems e Ace=¢ e

where A\ and 4., B, flc are the same as above.

Step 3. We show that for ¢ = ¢*, system also has a unique monotone traveling
wave solution. Let ¢ > ¢* be a wave speed and (u,v) be the corresponding wave.
We can normalize u such that «(0) = 1/2 and the corresponding v(0) = ¥ due to
the shifting invariance of system . Choose ¢, > ¢* such that lim ¢, = ¢* and

n—oo
let (wn,v,) be the corresponding wave satisfying the above normalization.

claim the functions {(un,vn)}, {J * un} and {(ul,v))} for n =

1,2, ... are uniformly bounded and equi-continuous.
In fact, since (un, vy,) is a wave solution for the speed ¢,,, we have 0 < u,, (§),v,(§) <
1, £ € R and n > 1 which means that (u,,v,) are uniformly bounded. The
continuity of (Fy, F3) on the interval [(0,0), (1, 1)] implies that
colvh] £ max  Fy.
0<un,v, <1

This shows that v/, is uniformly bounded and the equi-continuity for v, follows
easily from the mean value theorems.

We can similarly show that J * u, and u), are uniformly bounded on R and the
equi-continuity of u,,.

We next show the equi-continuity of J * u,,. For any two points &1,& € R,

|J * un (&1) — J * un(§2)]
oy /R J(E1 — y)un(y)dy — /R J(€ — y)un(y)dy]
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oy / Y)un(Es + y)dy — / J()un(€a + y)dy]
\/ )t (62 + 9) — wn(€2 + )y

< / T tn(€ +9) — un(E + 9)ldy
R

which together with the equi-continuity of w, imply the equi-continuity of J * u,,
and hence that of u, follow from this. The claim is then proved.

By Arzela-Ascoli Thoerem and a diagonalization process, we can find a subse-
quence of {(un, vyn)}, which we still denote {(uy,, vy)} such that {(un, vn)}, {J*un},
and {(u, Un» v),)} converge uniformly on every bounded interval to functions (u*,v*),
Jxup, w* and (X*,Y*). A standard argument [5] shows that (u*,v*)" = (X*, Y*)
Letting n — 400, we have

Jxu" —ut—c(u) +u(1—ay —u* +av*) =0
—c* (V") +bu* (1 —2v*) =0
with the boundary conditions

(U*vv*)(ioo) = (0a0)7 (U*7U*)(+OO) = (15 1)7
which shows the existence of traveling wave solution to system ({3.4)) for ¢ = ¢*.

Step 4. We next show that the traveling wave solution is unique up to a translation
of the origin for ¢ > ¢*. If there are two wave solutions of (u,v)(§) and
(u1,v1)(€) with the same asymptotic properties as described by Step 2 at —oo and
400, then there exist a positive constant N and a point  such that

(1618) > (28). ecem-mummin. o

In fact, since the traveling wave solution has the following asymptotic behaviors
u(€) Ager (0 er(0)¢
(v(§>> (3 M@ ) TO\nee ) a8 8 oo,
and
u(§) 1- A, e*cf - B e*AZ(C) Age™ ¢ + Boe 208
- — +00,
() = (AT (M) e

in addition if
u A/ )\1((: .
(Ui(%) (B’ Mc)g) (M%) as £ — —oo,

ur (€) 1— Ale—;é _ B/ —X2(c)& ‘o A;e—%f :;’_ Bébe—ju(c)i)
v1(§) 1—Ale Aleme

as & — +o00, Then for £ — —oo, we have
w(€ +¢) A et (@E+) eM () (E+0)
v(e+0)) T\ Been@ero ) TO{ n@eto

A et (e)eri(e) e (e)(€+¢)
(B 6)\1(C)C6>\1(C)§) (eh(C)(iJrC)) ’

and
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and for £ — +o0, we have

(u(f + C))
v(€+ Q)
_ (1 ~ A tEr0) Bcexz<c><£+<>> Y ( Ao b0 4 Bce&(c)(fﬂ*)))

1— A.e— 2+ Agem2(E+0)

(11— A et — B Ra(O¢eRa(e)€
N 1-— Ace*%e*%

AemcEF0 4 B em22()(6+0)
+o0 ~ b .
A e~ E+0)

Noting that there exists an Z\A{ > 0 such that for any |(| > N, we have A O¢ >
1_42’ Bce)\l(c)C > Bé, and lecei)\l(c)C < A/u Bceih(c)c < Bi, Aceikl(c)C < A/ca where
A1(c) =b/e. So, the inequality (3.22)) holds. By Proposition we have

u( + <)> <u1(§)>
> , € (=N, N). 3.23
(E18)> (h8) cecmm (32
For ( is decreasing, we have to deal with two cases. The first case is that there
exists a ¢ € R such that

u(§ + C)) (M(f))
= , € (—o00, 4+00). 3.24
(eg) = () &= ) (324
We then have the uniqueness. The other case is that there is a first ¢ and a
first £, which are denoted by (; and &; separately, such that there is at least one
component, for example, the component v, satisfying v(£1 + (1) = v1(§1). Let
W (&) = (u(€),v(€)) — (u1(£),v1(€)) then w;(€), i = 1,2, satisfies
Jxwy —wy —cwy + (1 —7—2u+rv)w;
< Jxwy —wy —cwy + (1 —7—2u+rv)wy + ruwy <0,
—cwy — buwy < —cwy + b(1 — v)wy — buwy < 0,
w1(§) > 07 ’UJQ(El) = Oa E € (—OO,+OO)

By the maximum principle for w; and the same argument as the one in Proposition
[3:7 for ws, this is impossible. Therefore,

(Zgg) - (28) , €€ (=00, +00).

This proves the conclusion.

Step 5. We show that there is no monotone traveling wave solution for 0 < ¢ < ¢*.
Since the traveling wave solution has the following asymptotic behaviors at —oo,

U(f) 14(16)\1(6)6 e/\l ()€
o(€)) =\ Been@e ) TO{pnee ) as &= =0,
we can define the two-sided Laplace transform

V) = ([ e¥a@ds, [ o).

e~
R R
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Then the first equation of system (3.4) can be written as
[—eA+ / M J(y)dy — 14+ (1 —7)UN) = / e M u — u(u — rv)|de.
R R

Since —cA + [ e’ J(y)dy — 1+ (1 —r) = 0 has no real zeros for 0 < ¢ < ¢*, U(})
is defined for all A such that Re A < 0. can be written as

/Re*’\fK—c)\—}—/Re)‘yJ(y)dy—1+(1—r))u—u(u—rv)}dm:0.

Since —cA+ [, e’ J(y)dy—1+(1—r) — +00 as A — —oo, we reach a contradiction.
Therefore, there is no monotone traveling wave solution for 0 < ¢ < ¢*, and c¢* is
the minimal wave speed. O
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