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PERIODICITY AND STABILITY IN NEUTRAL NONLINEAR
DIFFERENTIAL EQUATIONS WITH FUNCTIONAL DELAY

YOUSSEF M. DIB, MARIETTE R. MAROUN, YOUSSEF N. RAFFOUL

ABSTRACT. We study the existence and uniqueness of periodic solutions and
the stability of the zero solution of the nonlinear neutral differential equation
L a(t) = ~a()z(t) + 4 Qlt,a(t — g(t)) + G(t,2(0), 2t ~ 9(1)).

In the process we use integrating factors and convert the given neutral dif-
ferential equation into an equivalent integral equation. Then we construct
appropriate mappings and employ Krasnoselskii’s fixed point theorem to show
the existence of a periodic solution of this neutral differential equation. We
also use the contraction mapping principle to show the existence of a unique
periodic solution and the asymptotic stability of the zero solution provided

that Q(0,0) = G(¢,0,0) = 0.

1. INTRODUCTION

Theory of functional differential equations with delay has undergone a rapid de-
velopment in the previous fifty years. We refer the readers to [Il [2} [6, [7, [TT], T3] and
the references therein for a wealth of reference materials on the subject. More re-
cently researchers have given special attentions to the study of equations in which
the delay argument occurs in the derivative of the state variable as well as in
the independent variable, so-called neutral differential equations. In particular,
qualitative analysis such as periodicity and stability of solutions of neutral dif-
ferential equations has been studied extensively by many authors. We refer to
[3, 18[9, 10y [T2], 141 [15] 16l 17, 18] for some recent work on the subject of periodicity
and stability of neutral equations. This reference list is not complete by any means.

Neutral differential equations have many applications. For example, these equa-
tions arise in the study of two or more simple oscillatory systems with some in-
terconnections between them [4 [19], and in modelling physical problems such as
vibration of masses attached to an elastic bar [19].

In the current paper, we study the existence of periodic solutions of the nonlinear
system of differential equations

() = —alt)alt) + QU a(t — g(0) + Gt (D)2l — g()  (11)
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where a(t) is a continuous real-valued function. The functions @ : R x R — R
and G : R xR xR — R are continuous in their respective arguments. In the
analysis we use the idea of integrating factor and convert equation into an
integral equation. Then we employ Krasnoselskii’s fixed point theorem and show
the existence of a periodic solution of in Theorem [2.5, We also obtain the
existence of a unique periodic solution in Theorem [2.6] employing the contraction
mapping principle as the basic mathematical tool.

While most of the existing research on the qualitative analysis of neutral differ-
ential equations deal with constant delay, equation contains a non-constant
function ¢(t) as the delay term. Related to our present work are articles [14} [15],
where in [I5] the author has studied the periodic solutions of a scalar neutral dif-
ferential equation, and in [14] the authors considered the discrete analogue of [I5].
We remark that equation has a couple of features that are distinct from the
features of the equation in [I5]. The neutral term %Q(t, x(t—g(t))) of allows
nonlinearity in the derivative term z/(t — g(t)) (see Example [2.8). On the other
hand, the neutral term z’'(t — g(¢)) in [15] enters linearly. As a result of these
differences, the mathematical analysis used in this research to construct the map-
pings to employ fixed point theorems are different than that of [I5]. In addition
to the study of periodicity, in this research we obtain sufficient conditions for the
asymptotic stability of the zero solution.

2. EXISTENCE OF PERIODIC SOLUTIONS

For T' > 0 let Pr be the set of all continuous scalar functions x(t), periodic in ¢

of period T. Then (Pr,| - ||) is a Banach space with the supremum norm
]| = sup |z(#)] = sup |x(t)].
teR t€[0,T)

Since we are searching for the existence of periodic solutions for system (1.1)), it is
natural to assume that

alt+T) = alt), g(t+T)=g(t) (2.1)

with g(t) being scalar, continuous, and g(t) > ¢g* > 0. Also, we assume

T
/ a(s)ds > 0. (2.2)
0

Functions Q(t,x) and G(t,x,y) are periodic in ¢ of period T'. They are also globally
Lipschitz continuous in x and in = and y, respectively. That is

QUt+T,z)=Q(t,z), Gt +T,z,y) = G(t, z,y), (2.3)
and there are positive constants F1, Fs, F'3 such that
Q(t,z) — Q(t, y)| < Exllz —yl (2.4)
and
|G(t,z,y) — G(t,z,w))| < Esflz — 2| + Eslly — wl|. (2.5)

The next lemma is crucial to our results.
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Lemma 2. 1 Suppose and (2.3) hold. If z(t) € Pr, then z(t) is a solution
of equation if and only if

x(t) = Q(t,z(t — g(1)))
s—e et [l auQuatu=g) (2
+ G(u, z(u), z(u — g(u)))} e~ Jual)ds gy,
Proof. Let x(t) € Pr be a solution of . First we write this equation as
(1) — Qe x(t — (1)} = ~a(t) (1) — QUt, 2t — 9(1))}
—a)Q(t, x(t — g(t))) + G, x(t), x(t — g(1)))-

Multiply both sides of (1.1)) with elo a(9)ds and then integrate from ¢t — T to t to
obtain

/ttT [(%‘(U) — Q(u,z(u — g(u))))elo’ a(s)ds} ' du

-/ tT [ = a()Q(u, 2w — g(w))) + Glu, (), 2 — g(w)| e« du.
As a consequence, we arrive at

((6) = Q(t, 2t — g(1))) ) i 212

— (2t =T) - QU ~T,u(t = T — g(t = T))) )l " 20

= /t_T [ —a(u)Q(u, x(u — g(u))) + G(u, z(u), v(u — g(u)))} i als)ds gy,

Dividing both sides of the above equation by exp fo ds) and the fact that
z(t) = z(t — T) and (2.1), we obtain

2(t) - Q(t, 2t — g (1))
C (1= e Fratiny- / (u, w(u — g(u)))

+ G(u, z(u) ]e Jia(s)ds gy,

Define a mapping H by
(He)(t) = Q(t, ot — g(t)))

* (1 e fttiT a(S)dS)il /th |: - a(u)Q(ua QO(U - g(u))) (27)
+ G, (), p(u — g(w))) [ e L2y,

It is clear form (2.7) that H : Pr — Pr by the way it was constructed in Lemma
21
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Next we state Krasnoselskii’s fixed point theorem which enables us to prove the
existence of a periodic solution. For the proof of Krasnoselskii’s fixed point theorem
we refer the reader to [5].

Theorem 2.2 (Krasnoselskii). Let M be a closed convexr nonempty subset of a
Banach space (B, | -|). Suppose that C and B map M into B such that
(i) =,y € M, implies Cx + By € M,
(il) C is continuous and CM is contained in a compact set,
(iii) B is a contraction mapping.
Then there exists z € M with z = Cz + Bz.
We note that to apply the above theorem we need to construct two mappings;

one is contraction and the other is compact. Therefore, we express equation (2.7))
as

(He)(t) = (Be)(t) + (Co) (1),
where C, B : Pr — Pr are given by
(Be)(t) = Q(t, ¢t — g(1))) (2.8)

and

()0 = (1 - e Hr@m [ a(w) @, p(u— g(u)

= (2.9)
+ G (u, p(u), p(u — g(u)))] o= JLa(s)ds g,
To simplify notations, we introduce the following constants.
= 1 — ¢ Jirals)dsy-1 _ ; _ o,
T 2o d—e )L B la@®)], v Jpax e
(2.10)

Lemma 2.3. If C is defined by (2.9), then C is conlinuous and the image of C is
contained in a compact set.

Proof. Let C be defined by (2.9) and let p,¢ € Pr. Given € > 0, take 6 = ¢/N
with N =9I (pE1 + Es + Es), where Ey, E5 and Ej3 are given by (2.4) and (2.5).
Now, for || — || < d. we obtain

T
[Cp —Cy|| < ?77/0 [PELlle = ¥l + (B2 + Es)ll — ¥l ]du < Nl — || <.

This proves that C is continuous. To show that the image of C is contained in a
compact set, we consider D = {¢ € Pr : ||¢|]| < R}, where R is a fixed positive
constant. Let ¢, € D where n is a positive integer. Observe that in view of (2.4)
and (2.5) we have

|Q(t, )| = 1Q(t, x) — Q(t,0) + Q(t,0)]
< 1Q(t,x) — Q(¢,0)[ +1Q(¢, 0)]
< Eillz|| + «.
Similarly,
|G(t, z,y)| = |G, z,y) — G(t,0,0) + G(¢,0,0)|
< |G(t,z,y) — G(t,0,0)| + |G(t,0,0)]
< Bsllz|| + Esllyll + 8
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where a = sup,¢jo ) [Q(t,0)] and 8 = sup,¢(o 1) |G(¢,0,0)[. Hence, if C' is given by

(2.9) we obtain that
[Conll < L

for some positive constant L. Next we calculate (Cyp,,) (t) and show that it is
uniformly bounded. By making use of (2.2) and (2.3) we obtain by taking the
derivative in ([2.9) that

(C(pn)/(t) = —a(t)C(gpn(t» - a(t)Q(t7 @n(t - g(t))> + G(ta Qon(t>7 L)0n<t - g<t))>
Thus, the above expression yields |[(C,)’|| < F, for some positive constant F.

Thus the sequence Cy, is uniformly bounded and equi-continuous. Hence by
Ascoli-Arzela’s theorem C(D) is compact. O

Lemma 2.4. If B is given by (2.8) with Ey < 1, then B is a contraction.
Proof. Let B be defined by (2.8)). Then for ¢, € Pr we have
[1B(¢) = B(¥)|| = sup |B(p) — B()|
t€[0,T]

< Ey sup [p(t —g(t) — ¢t — g(t)]
t€[0,T]
< Eillp — 9|

Hence B defines a contraction. O

Theorem 2.5. Suppose the hypothesis of Lemma . Let a = supye(o 7 |Q(2, 0)]

and 8 = sup,co, 11 |G(¢,0,0)|. Suppose (2.1)-(2.5)) hold. Let J be a positive constant
satisfying the inequality

o+ ErJ + 0Ty [p(EyJ + o) + (B2 + E3)J + 8] < J. (2.11)
Let M= {p € Pr:|¢| <J}. Then equation (1.1) has a solution in M.

Proof. Define M = {¢ € Pr : ||¢|]| < J}. By Lemma C is continuous and
CM is contained in a compact set. Also, from Lemma the mapping B is a
contraction and it is clear that B : Pr — Pp . Next, we show that if ¢, € M, we
have ||C¢ + By|| < J. Let ¢, € M with ||¢]|, || < J. Then

T
|[Co + By|| < Byl +a+777/0 la(u)|(a + Exllel]) + Eallell + Esllell + Bldu

< a+ B+ 0Ty |p(Br] + ) + (B + Es)J + 8] < J.

We now see that all the conditions of Krasnoselskii’s theorem are satisfied. Thus
there exists a fixed point z in M such that z = Az + Bz. By Lemma [2.1] this fixed
point is a solution of ([1.1)). Hence (1.1) has a T-periodic solution. O
Theorem 2.6. Suppose (2.1))-(2.5) hold. If

Ey +mMT(pEy + B2 + E5) < 1,
then equation (L.1) has a unique T-periodic solution.

Proof. Let the mapping H be given by (2.7). For ¢,% € Pr, in view of (2.7)), we
have

|He — HY|| < (By + mT(pEy + Bz + Es)) |l — |-
This completes the proof by invoking the contraction mapping principle. [
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It is worth noting that Theorems 2.5 and [2.6] are not applicable to functions such
as

G(t,p(t), ot — g(1) = fr{t)p*(t) + f2(1) 0% (t — (1)),
where f1(t), f2(t) and g(t) > 0 are continuous and periodic. To accommodate such
functions, we state the following corollary, in which the functions G and @ are
required to satisfy local Lipschitz conditions.

Corollary 2.7. Suppose (2.1)-(2.3) hold and let o and B be the constants defined
in Theorem[2.5 Let J be a positive constant and define M= {p € Pr : [l¢|| < J}.
Suppose there are positive constants EY, E5 and E3 so that for x,y,z and w € M
we have

|Q(t, z) — Q(t,y)| < Efllz —yl,
IG(t, 2, y) — G(t, z,w)| < E3llx — z[| + E3lly — w|.
IfEf <1 and |He| < J, for ¢ € M, then has a T-periodic solution in M.
Moreover, if
Ef +mT(pET + E5 + E3) < 1, (2.12)
then has a unique solution in M.

Proof. Let M = {¢ € Pr : |¢| < J}. Let the mapping H be given by (2.7). Then
the results follow immediately from Theorem [2.5| and Theorem O

We remark that the constants E7, j = 1,2,3 may depend on J. Now we display
an example.

Example 2.8. For small positive €1 and €4, we consider the perturbed Van Der
Pol equation

' = —(2 +sin(wt))z(t) + 51% ( sin(wt)x?(t — g(t))) + &9 ( cos(wt) + ;UQ(t)) (2.13)

where g(t) is nonnegative, continuous and %”—pem’odz’c for w is positive. So we have

a(t) = 2 +sin(wt), Q(t,x(t — g(t))) = ey sin(wt)z?(t — g(t))
and
G(t,z(t),z(t — g(t))) = e2(cos(wt) + 2°(t)).
Define Ml = {¢ € Pzx : ||¢|| < J}, where J is a positive constant. For ¢ € M, we
have

IHel = Qe (e - 9(0)
—e ftt—T a(s)dsy—1 ' —alu U u— glu
+a 77 [ [ et et = gw)

+ Glu, o), plu = g(u))) | e S du]

2 =\ 1
<egJ*+ g(l — 6_47) [351.]2 +exJ? 4+ 62}.
Thus, the inequality
2 4\ —
a1 ) Be el e <, (2.14)

which is satisfied for small w, €1 and eq, implies | Hy|| < J. Hence, (2.13) has a
%’r—periodic solution, by Corollary ,
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For the uniqueness of the solution we let v, € M. From (2.13) we see that
n=(1-e <), p<3, <L

Alsoa =0, f =¢q, Ef =2e1J, E§ =0, Ej = 2eoJ, where J is given by (2.14). If
2 ey
2e1J + i(l - 6_47) ! [651J—|—2£2J] <1
w

is satisfied for small €1 and 4, then (2.13)) has a unique 2?’T—pem'odic solution.

3. STABILITY

Lyapunov functions and functionals have been successfully used to obtain bound-
edness, stability and the existence of periodic solutions of differential equations,
differential equations with functional delays and functional differential equations.
In the study of differential equations with functional delays by using Lyapunov
functionals, many difficulties arise if the delay is unbounded or if the differential
equation in question has unbounded terms. In [I7], the third author using fixed
point theory, studied the asymptotic stability of the zero solution of the scalar
neutral differential equation

a'(t) = —a(t)z(t) + c(t)2'(t — g(t)) + q(t, 2(t), 2(t — g(t)), (3.1)

where a(t), b(t), g(t) and g are continuous in their respective arguments. It is clear

that (1.1)) is more general than (3.1)).

This section is mainly concerned with the asymptotic stability of the zero solution
of . We assume that the functions @ and G are continuous, as before. Also,
we assume that g(¢) is continuous, g(t) > ¢* > 0 and Q(¢,0) = G(¢,0,0) = 0. The
techniques used in this section are adapted from the paper of [2].

To arrive at the correct mapping, we rewrite as in the proof of Lemma [2.1]

multiply both sides by edo 9(3)ds and then integrate from 0 to ¢ to obtain
2(t) = QU a(t - g(1))) + (2(0) = Q0 2(~g(0))) e~ i =)
t
N - 3.2
+ /0 [ a(w)Q(u, z(u — g(u))) (3.2)
+ Glua(u),w(u = g(u)) e~ /12 du.

Thus, we see that z(t) is a solution of if and only if it satisfies (3.2). Let
P (t) : (—00,0] — R be a given continuous bounded initial function. We say x(t) :=
x(t,0,) is a solution of if x(t) = 9(t) for t < 0 and satisfies for t > 0.

We say the zero solution of is stable at tg if for each € > 0, there is a
§ = 6(e) > 0 such that [¢) : (—o0,t9] — R with [|¢)]| < & on (—o0,to], implies
|z(t, to, )| < e.

Without loss of generality, we will state and prove our results by starting at
to = 0. Let C be the space of all continuous functions from R — R and define the
set S by

S:{@ZRHRZ@(t):w(f)ifffo,@(t)—?(L as t — oo,

p e Cand pis bounded}.
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Then, (S, - ||) is a complete metric space where || - || is the supremum norm. For
the next theorem we impose the following conditions.
t
— [ta(s)ds
a(s)ds >0 and e Jo — 0, ast— oo, (3.3)
0

there is an a > 0 such that

t
E; +/ [|a(u)|E1 + B+ E3}67 Jua®dsgy < 0 <1, t>0, (3.4)
0

t—g(t) — o0, ast— oo, (3.5)
Q(t,0) —» 0, ast— oo.

Theorem 3.1. If (2.4)),(2.5), (3.3) - (3.6) rold, then every solution xz(t,0,%) of

(1.1) with small continuous initial function (t), is bounded and approaches zero
as t — 0o. Moreover, the zero solution is stable at to = 0.

Proof. Define the mapping P : S — S by

() ift <0,
Q(t. ot — g(t)) + [1(0) — Q(0,1(—g(0)))] e~ Jo als)ds

+ o [ —a(u)Q(u, p(u — g(u)))

+G(u, p(u), p(u — g(u)))}e— JLa(s)ds gy, 4 0.

(Po)(t) =

It is clear that for ¢ € S, Py is continuous. Let ¢ € S with ||¢|| < K, for some
positive constant K. Let 1(t) be a small given continuous initial function with
||| < 8,6 > 0. Then using (3.4) in the definition of (P¢)(t), we have

I(Po) (0]l < ErK + | ((0) — Q(0,1(—g(0))))]e™ Jo als)ds

t
+ / [|G(U)|E1 + E2 + ES} e~ f; U«(S)dsduK
0 (3.7)

t
< (14 E1)é+ E1K + / [la(u)|Ey + Bz + E3le Ju s quK
0

< (1+E1)d + kK,

which implies || (Py)(t)|| < K, for the right . Thus, implies that (Py)(t) is
bounded. Next we show that (P¢)(t) — 0 as ¢t — oco. The second term on the
right side of (P<p) (t) tends to zero, by condition . Also, the first term on the
right side tends to zero, because of , and the fact that ¢ € S. Left to
show that the integral term goes to zero as t — oo.

Let € > 0 be given and ¢ € S with ||p|| < K, K > 0. Then, there exists a t; > 0
so that for t > t1, |p(t — g(t))| < e. Due to condition (3.3)), there exists a to > t;
such that for ¢t > t5 implies that exp(— fttl a(s)ds) < 5. Thus for ¢ > t5, we have

[
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| /o [ = a()Q(u, p(u — g(w) + Glu, o(w), p(u — glw)) e~ % du
< K/t1 [la(u)| By + By + Es]e Jia)ds gy
0

t
+ 6/ “a’(u”El + E2 + E3] e f; a(S)deu

t1

t t1 ty
< Ke Jiyal9)ds / [|a(u)|Ey + E3 + Esle Jutalo)ds gy, + e
0

< aKe Jiy als)ds + e < €+ ae.

Hence, (Py)(t) — 0 as t — oo. It remains to show that (Py)(t) is a contraction
under the supremum norm. Let {,n € S. Then

[(PO)(t) — (Pn)(t)] < {Ex +/O [la(u)| By + s + Bye™ J e du}||¢ — |

< af¢ =l
Thus, by the contraction mapping principle, P has a unique fixed point in S which
solves , bounded and tends to zero as t tends to infinity. The stability of the
zero solution at ty = 0 follows from the above work by simply replacing K by e.
This completes the proof. (I

Example 3.2. Let 9 be a small continuous initial function, ¢ : (—o0,0] — R with
l|| < 4, for positive 6. For small £; and €5, we consider the nonlinear neutral
differential equation,

V() = —2a() + e T2t~ (D) eaa(0) + 22— (). (38
Suppose
0<4(2e1 +¢e2)0(1 421 0) <1, (3.9)

and define the set S by
S={p:R—R|pt)=0()ift <0,¢(t) — 0,ast — 00,0 € C and ||p|| < K},
for positive constant K satisfying the inequality
1—/1—4(2e1 +22)6(1 +¢10) <K< 1 . (3.10)
2(2e1 + €2) 2(2e1 +€2)
Then every solution x(t,0,1) of is bounded and approaches 0 as t — oo.

Proof. Tt is clear from ({3.9)) that inequality (3.10)) is well defined. Define

¥(t) if t <0,
(Pe)(t) = 4 = e192(t/2) + (¥(0) — 1 ¥2(0)) e + [ (— 2e19%(u/2)
+ea(p?(u) + @2(u/2)))e*2(t*“)du if t >0].

Then, for ¢ € S with [|¢|| < K, we have
t
|1Po)|| < e1 K24 (1461 0)6 +2(e1 + 2)K? / e 20 gy,
0

< (261 +e2) K2+ 6(1+¢e1 6).
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In order for P to map S into itself, we need to ask that, using ,
(261 +e2) K2 +6(1 461 6) < K. (3.11)
But inequality is satisfied for K satisfying , by noting that
1 _ 1+ /1 —4(2e1 +e2)8(1 + &4 5).
2(2e1 + €2) 2(2e1 + €9)

Thus, we have shown that if ¢ € S, then ||(Py)|| < K. It is obvious that conditions
(3-3), (3.5) and (3.6) are satisfied. Left to show that that P defines a contraction
mapping on the metric space S. Let ¢,n € S. Then

t
[(PO(t) — (Pn)(1)] < 261 K [|¢ = nll + (4€1K+452K)/0 e 27 du [|¢ — |

< [261K + 2K (g1 + €2)] (I — 7|
=2(2e1 +e2)K|[¢ — ]

By condition , we have
(PO~ (P)(®)] < allc =, o€ (1),

Hence, by Theorem every solution x(t,0,v) of (3.8) with small continuous
initial function ¥(¢) : (—oo, 0] — R, is in S, bounded and approaches zero as
t — oo. (I
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