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REMARKS ON A CLASS OF QUASILINEAR ELLIPTIC
SYSTEMS INVOLVING THE (P,Q)-LAPLACIAN

GUOQING ZHANG, XIPING LIU, SANYANG LIU

ABSTRACT. We study the Nehari manifold for a class of quasilinear elliptic
systems involving a pair of (p,q)-Laplacian operators and a parameter. We
prove the existence of a nonnegative nonsemitrivial solution for the systems by
discussing properties of the Nehari manifold, and so global bifurcation results
are obtained. Thanks to Picone’s identity, we also prove a nonexistence result.

1. INTRODUCTION

Consider the quasilinear elliptic boundary-value problem

—Apu = Aa(x)u|P~2u + \b(z)|u|* Py

M(.’I?) y—=1y,,164+1 :
—_ Q
+(a+1)(6+1)‘u| [v]°T u  in
—A,v = Ad(2)|v]7 20 4+ Ab(2)|u|* TP e (1.1)
,LL(I) |u"y+1|,u‘571v in Q

B+1)(y+1)
u=0, v=0 ondQ,

where  is a bounded domain in RY with smooth boundary 92, A > 0 is a real
parameter, and Ayu = div(|Vu[P~2Vu) is the p-Laplacian operator with 1 < p,q <
N.

Recently, many publications have appeared about semilinear and quaslinear sys-
tems which have been used in a great variety of applications. Stavrakakis and
Zographopoulos [8, 9] studied existence and bifurcation results for problem
with a(z) = d(z) = 0, using variational approach and global bifurcation theory.
Fleckinger, Manasevich, Stavrakakis and de Thelin [6] and Zographopoulos [I1] ob-
tained some properties of the positive principal eigenvalue A; for the unperturbed
system

—Apu = Aa(@)|ulP~2u + Ab(2)|ul* o/ u in Q
—Agv = Md(2)|v]|7 %0 + Ab(z)|u/*T P e in Q
u=0, v=0 on 9N
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Later, under the key condition
/ () Jug |V o [P e < 0, (1.2)
Q

where (u1, v1) is the positive normalized eigenfunction corresponding to A1, Drabek,
Stavrakakis and Zographopoulos in [5] prove that there exists A* > A; such that
Problem has two nonnegative nonsemitrival solutions wherever A\ € (Ag, A*).
i.e. A = A1 is a bifurcation point, and bifurcation is to the right when A > A;.

In this paper, under the condition

/Q (@) fur [ o[z > 0, (1.3)

we prove the existence of a nonnegative nonsemitrival solution for Problem
when A < Ap. i.e. the bifurcation is to the left. Combining this with the result of [5],
we obtain global bifurcation results for Problem , for which the corresponding
bifurcation diagrams are shown in Fig 1. In addition, a nonexistence result is proved
by using Picone’s identity when A > A;.

1, ) x I[(u, 0) x

N, B

s T

0] M\ 0] AAY
(a) fop(@)ua[ it dz >0 b) fo p(@)|ur[ e dae <0

FIGURE 1. Bifurcation diagrams for Problem (|1.1])

This paper is organized as follows. In section 2, we introduce notation, give
some definitions, and state our basic assumptions. Section 3 is devoted to giving a
detailed description of Figure 1 (a). In section 4, we prove a nonexistence result.

1.1. Remarks. (1) Figure 1 shows how the sign of [, u(x)|uy[Y*!|v1[*F1dz deter-
mines the direction of bifurcation at the point A = A;.

(2) This paper gives a complete bifurcation result for Problem using the ar-
guments developed in Allegretto and Huang [I] and by Brown and Zhang [4].

2. NOTATION AND HYPOTHESES

Let W, P(2) denote the closure of the space C§°(Q) with respect to the norm
lull, = (J, |VulPdz)'/P. Let X denote the product space W, () x Wy ()
equipped with the norm

1w, 0)llx = [[ullp + llvllq-

Now, we state some assumptions used in this paper.
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(H1) Assume that «, 3,7, 0 satisfy

1 1
i+ﬂi:1’

p q

1 §+1

p<y+1 or ¢g<d+1, 7+* + t 1,

p q

1 1 <1

@+ DO+D) T BrDE+])

where p* Np ,qF N—f’p are the well-known critical exponents.

(H2) Assume a(x), (sc) d(x) are nonnegative smooth functions such that a(z) €
L7 (Q) N L®(Q), bz) € L (2) N L®(Q), d(z) € LT () N L>(R) and
Q7| = [{z € Q:a(z) >0} >0
Q5| = [{z € Q:d(z) >0} >0,

where b(z) # 0 and wy = p*¢*/[p*¢" — (v + 1)¢* — (B 4+ 1)p*].
(H3) wp(z) is a given smooth function which many change sign, and p(z) €
L#2(Q) N L%(Q), where wy = p*q*/[p"q" — (v + 1)¢" = (0 + 1)p7].

Lemma 2.1 ([I,10]). There exists a number Ay > 0 such that

(1)
O‘—H Jo IVulPda + & Jo [Vv|2da)
(e Jq a( |U|pd$ + 22 [ d( \v|qd=’f + Jo b(@)ulo+ |t 1da)

A =

where the infimum is taken over (u,v) € X
(2) There exists a positive function (uy,v1) € X N L>(Q), which is solution of

the system (1.2))

(3) The eigenvalue Ay is simple in the sense that the eigenfunctions associated

with it are merely a constant multiple of each other
(4) A1 is isolated, that is, there exists § > 0 such that in the interval (A1, \1+9)

there are no other eigenvalues of the system (1.2)).

Definition 2.2. We say that (u,v) € X is a weak solution of Problem (1.1)) if for
all (,€) € X,

/Q|Vu|p_2VuV<de;— (/ a(z)|u \p_ngodx—l—/Qb(x)|u|o‘_1|v|5+1ug0dx)

1
y—1,,10+1
R el L R R

[ |90-2vuveds = (/ a(z) 0P~ 2vede +/ b() ||+ o]~ Lveda)
Q
1
-_— ) |u P loéda .
(5+Dh+&%éu(ﬂl oo
3. THE CASE A < )\

It is well known that Problem (1.1 has a variational structure. i.e., weak solu-

tions of Problem (1.1]) are critical points of the functional

I(u,v) = J(u,v) = AK (u,v) — %M(u v)
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where
1 1
J(u,v) = a; |Vu|pdx+ﬁ+ /|v 9dz,
Q

K (u,v) = a“/ﬂ (@) ul"da +ﬁz /Qd(:c)|v|qdw+/Qb(:c)|u|“+1|v\ﬁ+1dx,

p
M(u,0) = / (@) [l o
Q

Clearly, I(u,v) € C*(X, R).
Let Ay be the Nehari manifold associated with Problem (|1.1)). i.e.,

Ay ={(u,v) € X : (I'(u,v), (u, v)) = 0} (3.1)

It is clear that Ay is closed in X and all critical points of I(u,v) must lie on Aj.
So, (u,v) € Ay if and only if

/ [VulP dz — )\/ a(z)|ulP dz — )\/ b(x)|u|*THoPH da
Q Q Q

- T L@ e

(3.2)
/ [Vo|?dz — )\/ d(z)|v|?dx — )\/ b(x)|u|*T )P de
Q Q Q
1
= o) |u o T da
T L
Hence, for (u,v) € Ay, using a“ + BH =1, we have
I00) = (ot + s = ) [ Al e (33)
’ p(6+1)  qv+1) (v+1(E+1)" Jgo
Now, we define the following disjoint subsets of Aj:
AT ={(u,v) € Ay : /QM(Jc)\u|k+1|v|‘5+1 dz < 0}
A= (o) € Axs [ )l o do = 0)
A5 = {(u,v) € Ay /Qu(x)\u|>‘+1|v|5+l dz > 0}
Let 0 < A < A1, and consider the eigenvalue problem
By Nl + b ) = 0
A = M@)ol + (@) [ulH o) = el Q. |
Then, there exists s > 0 such that
/ |Vul? dz — )\/ x)|ulP dz — / b(z) |ul* P de > ,uM/ |ulP da
Q Q (3.5)

/|Vv|qu—)\/ x)v|[fdx — A /b |u|a+1|v\ﬂ+1dx>uM/|v|qu
Q Q
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for every (u,v) € X. Thus, A} is empty, A3 = {(0,0)} and Ay = A} U {(0,0)}.
Clearly, I(u,v) > 0 whenever (u,v) € Ay and I(u,v) is bounded below by on A} .

ie., inf(u,v)eA; I(u,v) > 0.

Theorem 3.1. Assume (H1)-(H3) and the condition (1.3)). Then Problem (1.1)
has a nonnegative nonsemitrivial solution for every A € (0, A1).
Proof. Let {(un,v,)} C Ay be a minimizing sequence; i.e., limy, oo I(Un,v,) =
inf(u’v)eA; I(u,v). Since
( 1 n 1 1
p(6+1) qtvy+1) (y+1(6+1)
using (3.2) (3.5) and p <~y +1or ¢ <d+ 1, we have
at+1l a+1 +1 +1
Fs ) 2 el “2 = 250 [ e (252 220 [ o).
p 7+17Jq q y+17Jq

Then {(un,vy)} is bounded in X, and so we may assume (un, v,) — (ug,vo) € X
and u,, — up in LYTH(Q), v, — vy in L°T1(Q).
First we claim that inf(u,v)eA; I(u,v) > 0. Indeed, suppose inf(u,u)e/\; I(u,v) =

It ) = ) / () [ [ [P d
Q

0. ie. limy,— o I(tn,v,) = 0, we have

/ p(@) |ug | o[ dar — 0
Q
and

/ [Vun,|P — Aa(x)|u,|? — )\b(x)|un|a+1\vn|ﬁ+1 dz
Q

1
B (a+1)(5+1)/Q
/ |V, |7 — M(2)|[vn]? — Ab(2) |t [T, |PH da
Q

p(@)[un] o, T de — 0 (3.6)

— e L@l e a0 1)

Moreover, by [B, Lemma 2.1] the compactness of the operators K implies

/ V[P — M) [un? — Ab(@)|tn |+ o P+ da
Q
. / Vol — Aa(@)]uo|? — Ab(a)]uo |+ ol dz = 0
Q
/ V0|7 — Ad(2)[0m]7 — Ab(2)[un]* [0 [P da
Q

. / IVuo]? — Ad(2)[vo]? — Ab(a) o]+ [vo] 1 dz = 0
Q

From A € (0,A1) and the variational characterization of A1, we have (un,v,) —
(’LLOJJ()) = (0,0) Let

~ un ~ U’Vl
Up = , Up = (3.8)
(lunllp + llvalld)2/P (e[ + [|vn||9) @

which are bounded sequences. Indeed, we have

[[unlh + [onlld =1 for every n € N
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Thus, we may assume (U, U,) — (4o, 0p). Using that QTH + % =1, we have

/ b(x)|ﬂn|a+1|5n|ﬁ+1 dx = / b(x)|un|a+1|vn|ﬁ+1 dx/(||un|\§ + [lvnll2)
Q Q
Moreover the range of exponents implies

v+1 o+1

fQ M(x)|un|V+1|vn|5+1 dz |:u|w2|un p* @ 0
lwnllp + llvnlld = lunllp + llvalld

Using (3.6) and (3.7, we obtain

[ IV = Xal) P~ Ab(0) 7 o 0,
Q

|Un

/ |V, |? — A () [0, |7 — Ab(z) |t [T, |PH dz — 0.
Q
Following the argument used on {(@,,v,)} above, for {(u,,v,)} we have

/ Vi [P — Aa(a) [P — Ab(@)|iin |+ |57+ da
Q
— / [V |P — Aa(x)|ag|P? — )\b(x)|170|a+1|50|’8+1 dz =0,
Q
/ |V, |9 — () [0,]7 — Nb(2) |t |*FE |7, |PH da
Q

- / V0|7 — Ad(z) [Fo]? — Ab(z) |+ 7|+ dz = 0,
Q

and (U, 0y) — (¥, V) = (0,0) in X, which contradict ||(un, 0 )||x = 1, for every
n € N.

Now we show that (uy,v,) — (uo,v0) in X. Suppose otherwise, then ||ugl, <
liminf,, oo ||Unllp, [lvollp < lUminf, o ||vnllq, and

/|Vu0\p—)\/ a(x)|u0|p—/\/ b(x)|u0|a+1|vo|’6+1 dz
Q Q Q

< liminf/ [V, [P — Na(z) [un [P — Ab(z) |un |*F o, [P dz = 0
Q

n—oo

/ [Voo|? — Ad(x)|ve|? — /\b(glc)|u0|°‘+1|vo|ﬁ+1 dz
Q

< liminf [ |Vo,|? = M(z)|vn]? — Ab(z)|un |, |PH dz = 0.
Q

n—oo

Since A € (0, A1) and (ug, vg) # (0,0), we have

/ [Vug|? — Aa(x)|ug|? — )\b(x)|u0\°‘+1|v0|ﬁ+1 dx >0,
Q

/ |Vo|? — Ad(x)|vo]? — Ab(x)|uo|* T vo| P T dz > 0
Q
which is a contradiction. Hence (uy,,v,) — (ug,vg) in X. O

From [4, Theorem 2.3], (ug,vo) is a local minimizer on A} and (ug,vo) & A} =
{(0,0)}, then (ug,vg) is a critical point of I(u,v). This solution is nonnegative due
to the fact that I(|ul,|v|) = I(u,v), and it is also nonsemitrivial by [5, Lemma 2.5].
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Theorem 3.2. Assume (H1)-(H3) and the condition (1.3)), if A\, — A] and
(Un,vn) is a minimizer of I(un,v,) on Ay, then (un,v,) — (0,0).

Proof. First we show that {(u,,v,)} is bounded in X. Suppose not, then we may
assume without loss of generality that ||u,||, — o0, ||vn|lq — o0, as n — oco. Let
(Un,vy) are the sequence introduced by (3.8). The boundedness of (uy, vp,) implies
(Un,Uy) — (Uo, Vo) in X. Then

/Q V[P — Ant(@)[in [P — Anb(@)]in| 5 [P+ d
= [ 197 = Mafe)fal” ~ A ol e =0
/Q VTl — And(@)[Ta]? — Ab() >[5+ d
~ / V3] — Ad()[To|* — Mb(a) o]+ [Fo|*T d = 0.

Since (un, vy) is a minimizer of I(u,,v,) on Ay, we have

! ! — ! 2w 7T o+1 T —
T T~ T e e e = 0

(
Thus, we must have (i, v,) — (o, Vo) Z (0,0) and g = kPuy,v = k%v; for some
positive constant k, it is easy to see

. +1 0+1 ~ ~
i ([ ol 4 255 = 1) [ ) o = 0.
n—oo Q

Iup,v,) =

Hence lim, o0 [o (@) |00, do = [, p(@) [t |7 [To]°T! dz, it follows that
k = 0. But as [[ug|/h + [|7o]|¢ = 1, that is impossible. Hence {(uy,v,)} is bounded.

Thus we may assume (uy,, vp) — (ug,vg) in X. Then, using the same argument
on (uy,vy,) as used on (Uy,,v,). It follows that (u,,v,) — (0,0), and so the proof
is complete. ([

We remark that the two theorems above give a rather detailed description of the
bifurcation diagram in Figure 1(a).
4. THE CASE A > )\

In this section, we prove a nonexistence result for Problem (1.1) by using the
Picone identity.

Lemma 4.1 (Picone identity [1]). Let v > 0, uw > 0 be differentiable, and let

L(u,v) = |Vul? DL Tl — - Tuvo| o
(u,v) = [Vul” + (p - )ﬁ| vl TPV v| Vo
uP _
R(u,v) = |Vul? — V(qu)WU'p Vv

Then L(u,v) = R(u,v) > 0.
Moreover, L(u,v) = 0 a.e. on  if and only if V(%) = 0 a.e. on Q. For the next
theorem we will assume
(H3’) u(z) is a nonnegative smooth function, and p(x) € L¥?(Q2) N L>°(Q), where
wp =p*¢"/Ip*q" — (v + 1)g" — (6 + 1)p’]
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Theorem 4.2. Assume (H1), (H2), (H3’) and Condition (1.3). Then Problem
(1.1) has no nonnegative nonsemitrivial solution, for every A > Aq.

Proof. On the contrary, let u,, € C5°(2), v, € C§°(2). We apply Picone’s identity
to the functions u,,u and v,, v, to obtain

0</ |Vun|pdx+/ U —=Apudz (4.1)
O</|an|qu+/ —=Agvdr (4.2)

Using that O‘Zl + B;'l = 1, then multiplying (#.1)) by 2L and ( . 4.2)) by B'H, and
then adding, we obtain

O‘+1/|Vun\pdm+@/ Vo, |9 de
P Ja q Q
1 1
_at /)\a(aj)uﬁ dx—ﬁ%/ Ad(z)vd dz
Q

1 1
> & )\b(x)uﬁuaﬂ—pvﬁﬂ dz + &/ Ab(x)vmu‘a-‘rl,uﬁ-&-l—q dz
q Q

p Q
1
+ 7/ p(z)uPu TPyt dg / p(z)vlu T dy
p(6+1) Jo (@) Q (@)

(4.3)

q(v+1)
Now, put 6; = (a+ 1)(8+1)/q and 02 = (a« + 1)(8 + 1)/p, then

02 , 601
V72 a+1 B+1
uy Lyf+l — uy 1yfs+1 P < ubu® 1=pyf 1—&—71),‘1]110‘ Lyfti—a

Since A > 0 and b(z) > 0, we obtain

)\/ b(x)ul ol da
Q
(4.4)
<ot L / Ab(z)uP u PP da L/ 40T LyPH1=a qg
Using that O‘T'fl + % =1 and (a+1)(6+1) + (ﬁ+1)1('y+1) < 1, we obtain
+1 o0+1
T 2 s e+ (B +) >
p q
Then
wY T+l v+ 1upuv+lfpv<3+1 + o+ 1vquv+lvé+lfq )
Since p(z) > 0, we have
1 1
m/ ,u(a:)upu'y'*'l Py,0+1 dz + ﬁ M(x)vglu'v—klvé-&-l—q do
Q
1 |:’Y+1/ p,vy+l—p, d+1
= x)ubu 00T de
GADB DLl J O s
0+1 '
Lo p(z)vduy o t1=a dx}
q Q
1

> T e
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Combining (4.3] and , we have

1 1
ot / [Vu n|pd$—|— / |V, |?de — a;— / Aa(z)ub dz
Q Q
— E/ Ad(z)vd de — )\/ b(x)ul ol dz (4.6)
qa Jo Q
1
> CESCE) /Q;L(x)u;’flvgﬂ dx

Let (up,v,) converge to (ui,v1) € X, then

1 1
ot / |V, |P de + —— ﬂ+ [Vou,|?de — a;— Aa(z)ub dz
Q Q

1
- &/ M(z)vd dz — )\/ b(x)ut T Pt do
q Q Q

1 1 1
et /|Vu [Pde + —— A+ / |V |9 da — at /)\a(x)ufdx
q Q p Q

1
5+ /)\d Tde — A | bla)ue P de,
Q

y+1,.6+1 dx

1 ~y+1 1
<v+1><6+1>/g”(”5)“" A oy [ e

From the variational characterization of \; and A > \{, we have

1 1 1
at /|Vu1\pd:1:+ﬂ+ /\v Jeda — O‘; /)\a( Y d

1
ﬁ+ /)\d dx—)\/ b(z)udT o dz < 0.
Q

’y+1 6+1

Since [i, p(x) dz > 0, we have m Jo () uwl Moo+ dz > 0, which
is a contradlctlon that completes the proof. (Il
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