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ENERGY DECAY IN A TIMOSHENKO-TYPE SYSTEM FOR
THERMOELASTICITY OF TYPE III WITH DISTRIBUTED
DELAY AND PAST HISTORY

JIANGHAO HAO, FEI WANG

Communicated by Anthony Bloch

ABSTRACT. In this work, we consider a one-dimensional Timoshenko system
of thermoelasticity of type III with past history and distributive delay. It is
known that an arbitrarily small delay may be the source of instability. We
establish the well-posedness and the stability of the system for the cases of
equal and nonequal speeds of wave propagation respectively. Our results show
that the damping effect is strong enough to uniformly stabilize the system
even in the presence of time delay under suitable conditions and improve the
related results.

1. INTRODUCTION

In this article, we study the following Timoshenko-type system for thermoelas-
ticity of type III with distributive delay and past history,

pl(ﬁttfk(<p$+w)$+50t$ :Oa (.’,E,t) € (051) X (0,00),
P2¢tt - waa: + k(@w + 1!]) + / g(s)wm(%t - S)dS
0
— B0+ f() =0, (x,t) € (0,1) x (0,00),

psbst — 500 — Brmn + Yora + Yt — / 16 Brma (. — <)

T1

=0, (z,t)€(0,1)x (0,00), (1.1)
(p(:C,O) = 900(1')3 @t(mvo) = 901(1' s Q(IE,O) = 90(55)» HS (07 1);
0:(x,0) = 01(x), i(x,0) =1(x), € (0,1),

= —

(x, —t) = o(x,t), (x,t) €(0,1) x (0,00),
©(0,t) = p(1,t) = (0,) = (1,t) = 0(0,t) = 0(1,¢) =0, ¢ € (0,00),
gtm(x; 775) = fO(xat)v (ZL’ﬂf) € (07 1) X (OvTQ)a

where ¢ is the longitudinal displacement, v is the volume fraction, 6 is the difference
in temperature, the coefficients p1, p2, p3, k, b, £, 3, §, v are positive constants,
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71 < To are non-negative constants such that p : [11, 72] — R represents distributive
time delay, f is a forcing term.

In 1921, Timoshenko [I8] gave, as a model for a thick beam, the following system
of coupled hyperbolic equations

puge = (K(ug + ),

1.2
Ip@tt - (EISO:E):E + K(UI - 90)7 ( )

where ¢ denotes the time variable and x is the space variable along the beam of
length L, in its equilibrium configuration, u is the transverse displacement of the
beam and ¢ is the rotation angle of the filament of the beam. The coefficients p,
I,, E, I and K are respectively the density (the mass per unit length), the polar
moment of inertia of a cross section, Young’s modulus of elasticity, the moment of
inertia of a cross section, and the shear modulus.

Since then, the issue of existence and stability of Timoshenko system has at-
tracted a great deal of attention in the last decades (e.g. [2} 3] @], [5, [ [7, 8] 10, [1T]).
Messaoudi and Said [II] considered the following Timoshenko-type system with
past history

P1Ptt — k(@w + w)a: =0,

oo (1.3)
prts =~ baa [ g(s) it = $)ds -+ klips + ) =0,

0
where p1, p2, k, b are positive constants and g is a differentiable function satisfying,
for some positive constant kg and 1 < p < 3/2, the conditions

o0)>0. b=b= [ glopds >0, g0) < hog?(0).

They proved that, for the case of equal-speed propagation £ = 22, the first energy
decays exponentially if p = 1 and polynomially if p > 1. When in the opposite case
2, the decay is in the rate of 1/tP. Guesmia and Messaoudi [5] also considered
(1.3) and established some general decay results for the equal and nonequal speed

propagation cases where the relaxation function satisfies a relation of the form

g'(t) < —€(t)g(®).

Guesmia and Messaoudi [6] concerned with the long-time behavior of the solution
of the Timoshenko system

prow — k(@ + D) +vh(or) + / 9()(al@)palt — ))ads = 0,
P2t — g + k(‘ﬂx + w) =0.

They showed that the dissipation given by this complementary controls guarantees
the stability of the system in case of the equal-speed propagation as well as in the
opposite case.

Time delays arise in many applications because most phenomena naturally de-
pend not only on the present state but also on some past occurrences. In recent
years, the stability of evolution systems with time delay effects has become an active
area of research (e.g. [T, 2l [7, 8, 12| 13}, [I5]). Apalara [I] considered the following
thermoelasic system of Timoshenko type with a linear frictional damping and an

(1.4)
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internal distributed delay acting on transverse displacement,

T2

P10t — Pz + V) + p1pr + / pa(s)pe(x,t —s)ds =0,

p39t + g + 5%1 = 07
Tq + Bq+ 0, = 0.

Under suitable assumptions on the weight of the delay and that of frictional damp-
ing, the author established the well-posedness result and proved that the system is
exponentially stable regardless of the speeds of wave propagation.

Feng and Pelicer [2] were concerned with a Timoshenko system with time delay

p1te — k(e + 1)z =0,
ptht - bq;[}'pr + k(‘Pr + dj) + Mﬂ/’t + /’Lth(z7t - T) + f(qu) = Oa

where pot)y(x,t —7) is time delay. They established the well-posedness of the prob-
lem with respect to weak solutions under suitable assumptions and the exponential
stability of the system under the usual equal wave speed assumption.

Kafini et al. [7] considered the following Timoshenko-type system of thermoelas-
ticity of type III with distributive delay

prew — k(ps +¢)e =0,
ptht - bwzz + k(@aj + ’(/}) + ﬂetm = Ou

T2

pSott - 59rx - kgt'pr - / g(s)etzz(xv t— S)dS + ")’thz = Ov

T1

(1.6)

(1.7)

where 71 < Ty are non-negative constants such that g : [r1,72] — R™T represents
distributive time delay. They proved an exponential decay in the case of equal
wave speeds and a polynomial decay result in the case of nonequal wave speeds
with smooth initial data.

In this present work we consider , prove the well-posedness and establish the
energy decay rate in case of the equal-speed propagation as well as in the opposite
case.

The article is organized as follows. In Section 2, we introduce some transfor-
mations and assumptions needed in our work. In Section 3, we use the semigroup
method to prove the well-posedness of problem . In Section 4, we state and
prove our stability results.

2. PRELIMINARIES

In this section, we present some materials needed in the proof of our results.
Throughout this paper, c¢ is used to denote a generic positive constant and is dif-
ferent in various occurrences.

Firstly, to deal with the delay term, we introduce the new variable

z(z, p,s,t) = O (x,t —sp), x€(0,1), p€(0,1), ¢ € (11,72), t > 0.
Then we obtain

§Zt(l’,p,§,t) =+ Zp(x’pagat) = 07 T e (Oa 1), pe (Oa]-)a SIS (TlvTQ)a t>0.
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Then problem (|1.1)) is equivalent to

P1Ptt — k(‘pm + w)w + ﬁet:p = 0; (-T7t> € (05 1) X (05 OO)»

p2et — Dbes + k(s + 1) + /0 9(8) e (x,t — 8)ds — B0y + f(1)
= 07 (xat) € (O? 1) X (0,00)7

T2
p30s — 0050 — L0tpe + VP12 + Yihr — / /,L(g)zm(x, 1,q, t)d§
T

=0, (z,¢t)€(0,1)x (0,00),
sz, p, s, t) + zp(z, py s, t)
=0, (x,p,5,t)€(0,1)x(0,1) % (11,72) x (0, 00),
e(x,0) = po(x), wui(x,0) = pr(z), 0(z,0)=0(z), =c(0,1),
01(z,0) = 01(2), i(2,0) =¢1(z), =z€(0,1),
Pz, —t) = ho(z,1),  (x,1) € (0,1) x (0,00),
©(0,t) = p(1,t) = ¥(0,t) = ¥(1,t) = 0(0,t) = 0(1,t) =0, t e (0,00),
(2, p,6,0) = folw, ps), (@, p,6) € (0,1) x (0,1) X (71, 72).
We shall use the folloing hypotheses.
(H1) w:[m,72] — R is a bounded function and

l— / lp(s)|ds > 0. (2.2)
(H2) g: Ry — R, is a C! function satisfying

g(0) >0, b-— /OOO g(s)ds=1>0, /000 g(s)ds = go. (2.3)

(H3) There exists a positive nonincreasing differentiable function £ : Ry — R4
satisfying
g'(t) < =€()g(t), t = 0. (2:4)
(H4) f: R — R satisfies
[f(@?) = FN] < ko[ + 929 |w" — w2, ¢',9® € R, (2.5)

where kg > 0, o > 0. In addition we assume that

~

0< f(¥) < f()y, v eR, (2.6)

with f(¢) = [ f(s)ds.
The first-order energy associated with (2.1]) is

E(t) :==E1(p,v,0)
1 o0
=%/0 (plso?+k(<pz+¢)2+pzwf+(b—/o g(S)dS)wi)dx

L 1 2.7
+3g0vn) 7 [ Fwrde+ 5 [ (ot} + 562 =0

ﬁ 1 1 To
+2 / / / ()22, p, s, t) de dp e,
0 0 T1
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(gov)( / / —v(x,t—s)) dsda.

3. WELL-POSEDNESS OF THE PROBLEM

where

In this section, we give a brief idea about the existence and uniqueness of solution
for (2.1]) using the semigroup theory [16]. Using the notation

n'(z,s) = (x,t) —Y(z,t —s), t€ Ry, (z,t,5)€(0,1)x Ry x Ry,  (3.1)
which was adopted in articles [T}, 4] and [I7] and 5’ is the relative history of 1,

we have
nt+nt = =0, (x,t,5) € (0,1) x Ry x Ry,

n'(0,s) =7n'(1,s) =0, (t,s) € Ry x Ry, (3.2)
nt(x70) = Ov (l',t) € (Oa 1) X R-‘r'
Then the second equation of (2.1)) can be formulated as

,021/}& — b + k(@z + 1/}) + 90¢mm(xa t) - /0 Q(S)U.tm(% S)ds — B0, + f(qz[}) =

Let
no(x,s) :=n°(x,s) = Po(x,0) — Po(x,s), (x,s)€ (0,1)x Ry.
Before using the semigroup theory, we introduce three new dependent variables
U = Pt, U:wta wzet-
Then problem (2.1) becomes the following problem for an abstract first-order evo-

lutionary equation,

d
—U+ AU = F(U
dt © (3.3)
U(O) = UO = (9007@17w07¢1700;0177’]07f0)T7
where U = (p,u,%,v,0,w,nt,z) and the linear operator A : D(A) C H — H is

defined by

—u
_k B8
o1 (pz + )z + o Y
—v
b k B
AU _ _ngl + g(‘piv + w) + %wm - fo nww Zz, t S)dS - gw , (34)
—w
Gm — L + J—Buw f §)zz(w, 1,6, t)ds
nt —v
<<
F(U) = P2 (3.5)

I
|~
cCo oo, 00O
—~
S
S~—"
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Next, we introduce the energy space
H = Hj(0,1) x L*(0,1) x Hy(0,1) x L*(0,1) x H}(0,1) x L*(0,1) x L,
x L2((0,1) x (0,1) x (11,72)),

where
{(b R+—>H001 // ¢dsdx<oo}

endowed with the inner product

(61, 92) L, —/ / 8)h12(8)Por(8) ds du.

ForanyU (¢, u, 0, 0,0,w,nt,2)T € H, U = (@,ﬂi,’ﬁg@ﬁjTeHandfor
{— f ¢)|ds > 0 we equip H with the inner product defined by

o~ 1 o~ —~— o~
WUM=WA@wﬁme%Wﬁ%M@+W+WWMWWﬂwM

- 1 -
+y<n',nt >L, +/3/ (psw + 00,.0,)dx
0

1 1 T2
+ﬁ/ / / slu(9)|zZ(x, pys,-) ds dp du.
0 0 1

The domain of A is
D(A) = {U e H: .0 € H*0,1) N HE0,1),u,v,w € HL(0,1),
0 € Lyvz,zp € LA(0,1) x (0,1) x (11,72)) },
which is dense in H.

Theorem 3.1. Assume Uy € H and (H1)—-(H4) hold. Then, there exists a unique
solution U € (R4, H) of problem (2.1). Moreover, if Uy € D(A) then

UecC(Ry,D(A))NCY Ry, H).

Proof. We use the semigroup approach. Sufficiently, we prove that A is a maximal
monotone operator. First, we prove that A is monotone. For any U € D(A), we
have

(AU, U)n = 9 0 ty) +€5/ de—ﬂ/ / $)zg(x, 1,6, )dsw dx

5// O22(x, 1 -dgd:c—f/ \dg/ W2 dz.

Using integration by parts and Young’s inequality, we obtain

—5/ / §)zz(w, 1,5, )dsw dx
—ﬁ/ / 2(z,1,5,)dsw, dx
5 ﬁ T2 1
= 77/ / ‘Z xalaga')dgdxfg/ |M(§)‘d§/ wzd:c
T1 0
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Consequently,

T2

(AU U = =35 o) + (e~ |

T1

1
(<) ds) / Wdz > 0.
0

Thus, A is monotone. Next, we prove that the operator I 4+ A is surjective. Given
F = (k1,ka, k3, kq, ks, ke, k7, ks)T € H, we prove that there exists a unique U €
D(A) such that

I+AU=F. (3.6)
That is,
o—u=k €H;,
p1u — k(pz + )z + Bwe = prke € L*(0,1),
v—v="ks€ Hj,

prv — Wb + s + ) + /0 9(8)dstben

— /00 g(s)nt,(x,t,s)ds — Bw = paks € L?(0,1), (3.7)
0

0—w=kFks5€ H&,
T2
p3w — 00,y — bwyy + YUy + YU — / w(s)ze(, 1,6, )ds = pske € L*(0,1),
T1

77t+77§_7}:k7€Lga
sz+ 2z, =ckg € LQ((O, 1) x (0,1) x (11, 72)).

Using lines 7 and 8 in the above equation, we obtain

n = e_s/o e (v + kr(7))dr, (3.8)

p
z2(z,p,6,) = e Pw, + ge‘“’/ e Tks(x,T,<)dT. (3.9)
0

Inserting u = ¢ — k1, v =¥ — k3, w = 0 — ks, (3.8) and (3.9)) in (3.7)2, (3.7)4 and
(3.7, we obtain

P11y — k(@z + w)m + ﬁez = hl S L2(07 1),

prt) — Wb + i + ) + /0 9(8)dstpon

- /Oo g(s)e™® /S Yz drds — 30 = hg € L2(0, 1), (3.10)
0 0

T2
paf— 503y — (B + Ypm + Y0 — / 1(s)e=P0,uds — hy € L2(0,1),
T1

where

hi = kop1 + k1p1 + Bksz,

o0 S
ho = poky + poks — Bks + / g(s)e_s/ (k7 — k3)zre"drds,
0 0
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T2

hs = p3ks — lksze + VK12 + Yhs + /

T1

p
wu(s)se™sf / e ks (x, T, ¢)dTds
0

T2
+ keps —/ p(s)e™ Pkspeds.

1

To solve (3.10)), we consider the following variational formulation

B((¢,4,0), (p1,41,61)) = Glp1,9¢1,01), (3.11)
where B : [H(0,1) x H}(0,1) x H}(0,1)]*> — R is the bilinear form defined by

B((<p7¢7 9)7 (9017"/]1701))

1 1 1
=p1 / pprdr + kv/ (0o + V) (p1z +Y1)dx +B | Orprdz
0 0 0

1 1 &S] 1
+7p2/0 ww1d$+b'7/o wzwudw—v/o g(S)dS/O Vp1gdx

1 e’} s 1
+ 'y/ / g(s)e™? / e’ drdsidr — ﬁfy/ 0 dx
o Jo 0 0

1 1 1 1
—l—pgﬁ/ t%’ldx—l—ﬁé/ erlmdx—l—éﬁ/ 9Z61de+7ﬁ/ po01dx
0 0 0 0

1 1 T2
490 [Cwonde g [ [ e st
0 0 T1

and G : [H}(0,1) x H3(0,1) x H}(0,1)]> — R is the linear functional

1 1 1
Gl(p1,91,01)] 27/ h1¢1d$+7/ h2¢1d$+ﬁ/ h361dz.
0 0 0
Now, for V = H(0,1) x H}(0,1) x H}(0,1) equipped with the norm
e, 0115 = llpw + 03 + llell3 + v= 5 + 16113 + 1162115,

using integration by parts we have

B((e, ¥, 0), (0, ¢,0))

1 1 1
:’ypl/ gana:Jrkv/ ((Pm+1/))2d$+’)/p2 1/)2dx
0

+(b—/ g(s)d )/wdx—l—v/wdx/ / ¢mdre=*ds
+p3,6/ 02dx+,66/ 92dx+€ﬁ/ 02d;v+5/ 92dx/ e p(s)ds,

Z 0&0”(,0,1/), GHV:

for some ag > 0. Thus, B is coercive.
On the other hand, using Holder and Poincaré inequalities, we obtain

|B((¢,9,0), (01,¥1,61))| < cllo, ¥, 0llv[ler, ¥1, 01l v
Similarly
G (p1, 91, 01) < cllpr, ¥1, 0|y
Consequently, by the Lax-Milgram Lemma, system has a unique solution

(p,1,0) € Hy(0,1) x Hy(0,1) x Hj(0,1)
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satisfying
B((¢,1,0), (p1,91,601)) = G(e1,¢1,01), (p1,91,01) € V.
The substitution of ¢, ¥ and 6 into (3.7)1, (3.7)s and (3.7))5 yields
(u,v,w) € HY(0,1) x HY(0,1) x H}(0,1).

Similarly, inserting v in (3.8) and bearing in mind (3.7)7, we obtain n* € L,. At
the same time, inserting w in (3.9) and using (3.7)s, we obtain

2,2, € L*((0,1) x (0,1) x (11, 72)).
Moreover, if we take (p1,61) = (0,0) € H}(0,1) x HE(0,1) in (3.11)), we obtain

1 1 1
K /O (s + B)rde + po /0 P + b /0 rirada

- [ otas | bstbradz — / Opdr+ | st e s |  Gutreda

1
= / hg¢1d1’.
0

Hence we obtain

1 [e'e) 1 [e's) 1
b s WU1dT — d +WU1.d 1—e %) +WU1.d
boprada Ag(s)s/owwl “A a(s)( e)s/owwlx

0
1
= / [—k(@z + ) — patp + B0 + holtbndz, 1y € H(0,1).
0

By noting that —k(p, + ) — pat) + 80 + ho € L?(0,1), we obtain ¢ € H?(0,1) N
H}(0,1). Consequently using integration by parts we have

1 0 e’}
—b xT d :r:vd - 1- oF d T
[ bnat [ ate)dstnada — [ a1 - s
+ k(pa 4+ ¥) + p2tb — B0 — holgndz = 0, ¢y € Hg(0,1).

Therefore,
—bze +/ 9(5)d5¢xxd$ - / 9(5)(1 - 678)d5¢xx + k(‘pac + lb) + p2tp — B0 = ha.
0 0

This gives (3.10)2. Similarly, if we take (¢1,%1) = (0,0) € HE(0,1) x HZ(0,1) in
(3.11)), we can show that
6 € H*(0,1) N H(0,1),
and (3.10))3 are satisfied.
If we take (¢1,601) = (0,0) € H}(0,1) x H}(0,1) in (3.11)), we can show that
€ H*(0,1) N Hy(0,1),
and (3.10]); are satisfied.
Finally, from (3.8) we can get n’ € L,. From (3.9), we know z,z, € L?((0,1) x
(0,1) x (11, 72)). Hence, there exists a unique U € D(A) such that (3.6) is satisfied.
Therefore, A is a maximal monotone operator.

Now, we prove that the operator F' defined in (3.3)) is locally Lipschitz in H. Let
U= (SD7 u, wa v, 9, w, nta Z)T and Ul = ((1017 Uy, ,(/117 U1, 91) Wi, ’I’]i, 21)T7 then we have

IF(U) = F(U)In < 1f @) = f(1)]l 22
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By using ([2.5)), Holder and Poincaré inequalities, we can get
1F@%) = F@H)Iee < 915, + 1921510 = ¢*) < ellvg — ¥zl
which gives us
IE(U) = F(U)ln < cl|lU = Utlln.
Then the operator F is locally Lipschitz in H. The proof complete. O
4. PROOF OF STABILITY RESULTS

In this section, we state and prove our stability results for the energy of system
(2.1) by using the multiplier technique. To achieve our goal, we need the following
lemmas.

Lemma 4.1. Let (p, ¢, 0) be the solution of @, then we have
(1) < 2 o))~ 80 - / (6)lds / 02, da. (4.1)
Proof. Multiplying @)1 by v¢r, T2 by 79, @1)s by 46, integrating over
(0,1) with respect to x, multiplying equation (2.1)4 by B|u(s)|z and integrating
over (0,1) x (0,1) x (1, 72) with respect to p, z and ¢, summing them up, we obtain
E'(t)= z(g’ o0thy) — éﬁ/ " dx +ﬁ/ / S)ze(x,1,6,t)dsOy(z, t)dx

§)|2%(x, 1,5, t)ds dx + = b )|ds 19,5235(30 t)dx
SIUAC 2 ), o |

At the same time, using integration by parts and Young’s inequality, we have

ﬁ/ / $)ze(x,1,¢,t)dsO; (2, t)dx

(4.2)

:75/l/ 2(2,1, <, t)d<bys (, t)da (4.3)

_ﬁ/ / )22 (x, 1 <t)d§dx+ﬁ/ |d</019t2x(xtdx

A combination of (4.2)) and gives
. 1
B0 <3 0w -5t~ [ uolds) [ ruda
T1 0

Thus (4.1)) follows. O

T2

We note here that if E(t) = E(t,p,,0,2) = E1(t), denotes the energy defined

in (2.7) then
Ex(t) = E(t, 1, Y1, 01, 21),
denotes the second order energy and one can easily obtain that

1
Y
BY(0) < (6 0vu) ¢ | G
0

in which ¢ is some positive constant.
It is easy to obtain the following inequalities, we omit their proofs.
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Lemma 4.2. The following inequalities hold,

/ (/ $)hy(t — s)ds) dr < 2go(g o ¥2)(t) + 290 /01 widx, (4.4)

/o / Valt) = valt = s>>ds)2dx < golg © ¥a)(1), (4.5)
/01 (/O 9(s)(h(t) — (t — s))ds)2da: < di(goy)(t), (4.6)
/01 (/Ooo g (s)(W(t) — vt — s))ds)Qdac < —da(g o 1hy)(1), (4.7)

1 00 2
[ ([ 60t = alt - 9is) e < ~g(O)(' 0 w)l0), (05)
0 0
in which dy and ds are positive constants.

Lemma 4.3. Let (p,,80) be the solution of (2.1). Then for any positive constant
€1, the functional

1 1
Ji(t) = *m/ prpdr —py | Pppdx
0 0

satisfies

1 1 1
RO <o [ oot k4 pe) [ (oot vpdos 2 [ s
0 0 1Jo

L | (4.9)
— p2 / Y2dr + c(1 +¢1) / Y2dx + c(g o) (t).
0 0
Proof. By computations, using (2.1]), we obtain
1 1 1 1
RO ==pr [ etk [ oot v2de—5 [ Opnda—p [ o
0 0 0 0
1 1 1 oo

w0 [ o =g [ owdo— [ v [ gt s)dss

0 0 0 0

1
+ [ s

0

By using Young’s inequality and Poincaré inequality, we obtain for €1 > 0,
1 1 Be, 1
K <o [ tteen [ et iraes S [ gy [yt
0 0 0 0
1
+ ﬁ/ 02da + (2b + @ / Y2dz (4.10)

€1 Jo

1 1 o) 1
— z(x, T — d d dz.
v ) (] sentat—sas) aot [ fwds

By using the Cauchy-Schwarz inequality and Poincaré inequality, we have

1 1 1 1 1
/ p2dr < 2/ (<pz+¢)2d$+2/ Yide < 2/ (@x+¢)2dx+2/ Yide, (4.11)
0 0 0 0 0
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and

1 1 1
/ F@)glde < / |¢|‘-’|¢H¢I§Ilelé’(gH)\lelz<g+1>|\¢lldwSc / e, (4.12)

The substitution of (4.4 . and (| into gives

]

Lemma 4.4. Let (p,,0) be the solution of (2.1)). Then for any positive constant

€o, the functional

1 1 1
Jo(t) := p3/ 0.6 dx + g/ 02 dx + 'y/ w0 dz
0 2 Jo 0

satisfies
5 [t 72 1 1
ry < 2 2 2 2
Jy(t) < 2/0 Odx + (pg—l— 2@)/() Qtdx+52/0 Yidx

2 1 1
Iy S -

// xlgtdgd:z:

Proof. By differentiating J5(¢t) and using (2.1]), we obtain

1 1 1 1
J5(t) =p3/ 9§dx+7/ %atdx—a/ Hida?—v/ .0 dx
0 0
/ / z(x,1,¢,t)dsb, d.

By using Young’s and Poincaré inequalities, we obtain for any €5 > 0

1 1 1
fy/ P Oidr < 52/ (or + 1/1) dxr + &9 wzdac + ; Hfdac,
0 €2

7/ wtedng/ 92dac—|——/ Yid.
0 4 Jo

By using (H1), we have

/ / (z,1,6,t)dsO, dzx
2
/ 05dx +5/ / z(z, 1,5, t)dg) dx
/92dz+ // x,l,gtdgdx

Thus, (4.13)) is established.

(4.13)

(4.14)

(4.15)

(4.16)

O

Lemma 4.5. Let (p, 1, ) be the solution of (2.1)). Then for any positive constant

€3 the functional

(t) == _PZ/O by /O‘X’ g(8)(P(t) — (t — s))dsdx
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satisfies
1 1
Ty(0) < zac [ 02do— (pago — zapm) | b+ clent 2)(go )
0 0 €3

1 1
+ ssk/o (0o + ¥)?dx + 387 /0 07 dx — é(g’ 01 )(t).

Proof. First, we note that

;)t(/ooo 9(s)(W(t) —b(t - s))ds)

= 2([ =9 - vionas)

t

- / gt — $)((t) — 0(s))ds + / g(t — s)u()ds

— 00

= gothu(t) + / T () W(0) — (t — s))ds.

Then, by differentiating J3(¢) and using (2 , we find

T4 = b wx/ %t—s))deﬂC—gopz/ yide
0 0

—Pz/ ¢t/ »(t —s))dsdx

k / (60 + ) / o(8)((t) — (t — 5)) ds da

—ﬁ/ 9t/ P(t — 8))dsdx

w0 [T oo v 9 asa

// $)Yu(t = s)d /Ooog(s>(¢x(t)sz(ts))dsdx.

By using Young’s and Poincaré inequalities,

/ zpm/ — (t— ) dsda

< egb / AL 1( | 6 watt) = ute = ts) a

463

<ean [ vias +Z (g o)1),

*pz/ 1/%/ Yt — ) dsdx

< / prvida+ 22 | ( / T (5)(0) ~ (¢ — 5))ds)

1
Sgs/o P2¢td$_%( "/}x>( )s

13

(4.17)

(4.18)

(4.19)

(4.20)
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K / (0o + ) / " g6 (t) — (¢ — 8)) dsda

2

<ok [ urvraes 1 [ ([ o0 - v pas) ao

1
<eak [ ¢z+w>2dx+?<gowx><t>7

ﬂ/ Ot/ Y(t — 5))ds dx

<y / 02dx + 13 1( /0 °°g<s><¢<t>—w<t_s>>ds)2dx

dq
< 5362/0 Htgdx + E(g © "/}z)(t)7

1 oo
/ f(w)/ g(s)(W(t) —(t —s))dsdx

<ko/ e |w|/ Wit — s)) ds de

< k0||w||§(g+1)||w||2<g+n( / ( / " g (E) — vt - s))ds)?z)

1
< esc 1/12dx+ 4zl—l(gowgc)(t),

/ | a0t ds [0l = vale ~ ) s

<o [ ([ soputa - 9as) aa

41 01 (/OOO 9(8) (b (t) — o (t — s))ds)2dx

453
1 1
< (253 + *)90(9 0 z) + 26290/ Yidz.
453 0
By substituting (4.19)-(4.24]) into (4.18]), we obtain (4.17).

As in [9], we introduce the multiplier w which is the solution of
Lemma 4.6. The solution of (4.25)) satisfies

/ 2’dac</ 1/)2dx</ Y2d,
/wadx</ w? d;v</ Yida.

EJDE-2018/75

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

Lemma 4.7. Let (p,1,0) be the solution of (2.1} . Then for any positive constant

€4 the functional

1
Ja(t) :=/0 (p1prw + paprtp)dx
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satisfies

l 1 362 1 1
Ji(t) < —f/ V2 (t)dx + = 93(t)dx+a4/ oidx
0

- / P

Proof. A simple differentiation of J4(t) and together with (2.1)) give

(4.26)

+(pat 22 / V2o +

1 1 1 1
() = 5/ 0w, dx + k/ u}idl‘ + p1 / prwidx + B Ortp da
0 0 0 0

1 1 1
fb/ z[;idasfk:/ ¢2dx+p2/ Yida (4.27)

// $)y(z,t — 8)dsih (t dx—/f Y de,

where we have used integration by parts, (4.25) and the boundary conditions in
(2.1). By using Young’s, Poincaré inequalities, Lemma and Lemma we
have

1 1 2 2
l
ﬂ/ Gthdng/wd:c—kﬁ/ /1/)2dx+ﬁ/ Gde,
1 1 0
p1/ prwedr < 54/ dm + — fdx < 54/ apfdw + —1/ w?dx,
0 4 4 0 454 0

ﬂ/Oth/)d:c< /1/12d +—/0 02dzx,

/01 /0°° 9(8)g (2, t — 8)dsipg (t)da

/0 / " g(5) (st — ) — () + 0 (1)) dsii (1)

- / 9() (b (2 — ) — a (1)) st (£) s + / o(5)ds / R (1)da
1t 3 sl o 2

5 [ s g [ ([ st =9 —vaw)is) ao

l) 00 1 )
t)da o1, )(t d 2(t)d
_6/w .2 (9 w)(>+/0 g(S)S/Ow()w
Thus, (4.26)) is established. O

Lemma 4.8. Let (p,1,80) be the solution of (2.1). Then for any positive constant
€5 the functional

—P2/ 1/Jt90z+1/}d9€+7 SOtl/szﬁC k/tpt/ ($)¢z(t — s)dsdx
0
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satisfies

B0 < [eatti — [~ otopntt—9a9] 4 [ v

k 1
— = | (pz +1)? dac—i—c(l—i— 02 dx
2 / / (4.28)

2 Cd
ell+ ) / vide +css (g 01e) (1) = (o © ) (1)

1 1 . b 1
+65/ @fdx—/ f(¢)d$+(%—p2)/ Peda.
0 0 0

Proof. First, we note that

G [ oot - syas)
- %( / " glt - a(s)ds)

t

+\/ gt*sﬂjz

+/O 9(8) (ot — 5) — () + (1)) ds

)+ / 0(8) (ot — ) — (@) ds + [ o (s)dstbu(?)
0 0

:/ (5) (st = 5) — i (8)) ds.
0

By using equation and integration by parts, we obtain
00 r=1 1
1) = [palbrss - / 6yatt9)05)| " o [ wide [ (o 40
+ﬁ/ Htgpw—kwdx—i—ﬂ/@m/ ) (Y (t — 8) — (b)) dsdx

p1 bp1 !
0 [ [T 6 a0 st o) s+ (0 ) [

foe) 1
w5 [t [ uran -3 / uiths do

/f gowdx—/ bF @

By using Young’s, Poincaré inequalities, Lemma 4.2, we know that for any 5 > 0,

1 k 1 ﬂ2 )
[3/0 04 ( cprrw)de*/ (0 + ) der—/ 0;,dz, (4.29)

g / » / ) (Walt — ) — o(t)ds)?de

(4.30)
< ces(g o a)(t) +—/ 02, de,
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&1/ %/ —u(t — $)) dsda

1
<~ C (g o) (t) + 25 / 2,
S5 0

ﬁ [e’e) 1 bﬁ 1 1 c 1
- g(s)ds/ 010, do — — / 0,10, dr < 65/ 02,dr + — / V2 da,
k Jo 0 k Jo 0 €5 Jo

(4.31)

(4.32)
1
[ ent@ide < ol 1¥losy
ko[t 2 [t
<= / p2dr + = / Yidx (4.33)
8 0 k 0
k 1
§4/ (0 + )%+ / V2,
Substituting (4.29 into JL(t), gives (4.28)). O

Considering the boundary terms that appears in (4.28)), we define the function
q(x) =2 —4z, ze€]0,1].

Lemma 4.9. Let (p,1,0) be the solution of (2.1). Then we have that for a positive
constant eg,

[oo(vi— [ atoppate—s)as)]

0 z=0

Egd !

1
S-7g | ma )@twwdw+c(66+f+ w d$+056/ (2 +9)%d
0

_ 4%26%/ q(x)y (bqﬁz _ /Oo g(8)by(t — s)ds)da; + c(l6 + is)(g 0 )(t)

i/ z/)t x——g oqpx)( +C€6+ / 9 2p1€6/0 fdx.
(4.34)

Proof. By using Young’s and Poincaré inequalities, we obtain for any ¢ > 0,
oo =1
[oe(v = [ atopiatt = s)as)|
:%(1)(1%(1)*/0 g(s)va (1,1 — s)ds
- ¥z b T - h z\Yy & T d
o0 (00,0 = [ gl (0.1 = s)as))
< = (o) = [ st — sy
o0 2
_ _ 2 2
+ (b%(o) /0 9(8)%(0715 S)ds) } +56[90w(1) + (Pa:(o) ]

By computation we have

% /01 p2q(z )1t (bl/hz - /000 9(8)e(t — s)ds) dx
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= [0~ [ gt = s+ (b0a0) = [ )00 - 5)as) ]
w2 [ 00— [ oot~ opasPa

8 / Dt (b~ [ 9610t = 5)ds)da

k[ a0 (00— [ oot = s} + 2000 [ v

- [ a@ s~ [ gty syasyas
0 0

ton [ a4 Wl = vl = ) dsd

which gives
1 > 2 > 2
2o [0020) = [ (610, = 95+ 000) = [ (51010, = )]

- / ey (e~ [ olopete - )

216 s~ [ as)iale — s da

/ 2)0, (b / 9()0ha(t — 5)ds )
i w00~ [ oot syt 2 [ ia

1 1

- [ (- [ o - sas)is

+ 2 [y / ()W (t) — talt — ) ds d.

0

In what follows, we use Young’s and Poincaré inequalities, Lemma 4.2, (H2), and
the fact 0 < g(z) <4, z € [0,1], and obtain

1 oo ,
256 ( e _/0 (S)¢1(t — S)ds) dz

gé/o b2y2 dx—i——/ / )1/)1(t—s)ds) da
sgfo vRda+ (g0 ()

o /0 ()60 (b — /O " (5)u(t — $)ds)da

< / 1q2<x>02dx+§—1 / oo [ " ()t — s)ds)da

1
Scsﬁ/ szz+ (goz/;z +*/ V2 dz,
0
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@ at bt~ [ gls)nlt - ds)a
0

5 )
5% ! 2 k2 ! o0 ,
< %/0 () (pz +)? da:+8—3 (bzz;xf/o 9(8)u(t — 5)ds)2da

<csﬁ/ (0o +0Pdot % [ 02 du+ S(goa)®)

0 €6 Jo €6

= [ a@) (v [ o= sas)yie < £ [ utast Sgoun
K m/ 0 (5)(tbu (t) — Yt — 5)) ds dz < —/ vida = £ (g 0 w0

)
456
At the same time we can get
d [t 1 1
a4 qu)sot%dx:—[soi<1>+soi<o>1+2 / w§d$+ | at@)env,do
0 0 0
B 2p1 2
-7 or rd d )
R
which gives
deg [ 1 1
ald (1) + 20 =53 | ma@gadot2e [ otz | a@enbads
0 0
2
a @/ ( )etw@wdx_'_ plaﬁ/ ?d&?

By using Young’s and Poincaré inequalities we have

1 1 1

256/ Yidr < 466/ (z +)%dx + 456/ Y2d,

0 0 0

1 1 1

56/ q(z)prth, dx < 056/ (pz + 1/))2d$ + ceg rdx
0 0

0
1 1
g (2)012p2 dxgcsg/ (<px+w)2dx+csg/ wida:—f—csﬁ/ ;. dx
0 0 0
|

)
Thus, we obtain ((4.34).

Lemma 4.10. Let (p,1,0) be the solution of (2.1). Then for some positive con-
stant aq the functional

1 1 T2
£ :/ / / ce ™| u()|2*(z, p, <, t) ds dp da
0 0 T1

satisfies
1 1 T2
Jg(t) < al/ // g|u(g)|22(:17,p,g,t)d§dpd:c+€/ 02 dx
0 (4.35)

—al/ / §)|2%(x, 1,5, t)ds da.

Proof. Differentiating Jg(t) and using , we obtain

Jg(t —2/// se”*Plu(9)|z(z, p, <, t)ze(, p, s, 1) ds dp dz
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=—2/// e Plu(<)2(x, ps <, t)zp(x, psc,t) de dp da
_—/// ;(B*CPIM(C)IZQ(%ACJ)) ds dp dx

o Jo Jr Op

1 1 T2
[ [ [ e e dsdpa

0 0 T1

1 T2
- / / ()] (e 22 1, 1) — 22(2,0, 6, 1)) d da
0 T1

1 1 T2
[ ] ol wp ) de dp
0 0 T1

Using the fact that z(z,0,¢,t) = O, (z,t) and e < e~ ? < 1, for all p € [0, 1], we

obtain
T2 1
/ / 2%z, 1,5, t)dgdx—i—/ \,u(g)|d§/ 02, (z,t)dx
T1 T1 0

- / / / <5 (S22, pys, 1) ds dp da.
0 0 T1

Because —e~¢ is an increasing function, we have —e™¢ < —e~ "2 for all ¢ € |11, 72].
Finally, setting a; = e~ ™ and recall (2.2)), we obtain (4.35).

Now we define the Lyapunov functional L(t) by

L(t)=NE(t) + %Jl (t) + Jo(t) + N1J5(t) + NoJy(t) + J5(t) + N3Js(t)

! o0
+ 56]51 q(x) 1oy dv + 7/ ) (b, —/0 g(s)ds)dz.

0

where N, N7, Ny, N3, g are positive constants to be chosen properly later.

Lemma 4.11. Let (p, ¥, 6) be the solution of (2.1). For N large enough, there
exist two positive constants as and as satisfies

azB(t) < L{t) < as E(1).

Proof. By the same arguments as in [2], using fol oL (t) < 2f01(<px + )dx +
2 fo ¥2(t)dz and Lemma 2, we can deduce

1

1 1 1
IL(t) - NE(t)] < 7 / GRdt + 7 / 2 dt + s / (0o + )2z + 14 / 2 de
0 0 0 0

1 1 1
+v5/ G?der%/ Hidx+’y7(gc>¢m)+%s/ f)dx
0

+79/// Slu(9)|2%(x, p, s, t) ds dpdx

< cE(t

in which v; (i =1,...,9) are positive constants as in [2]. O
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Lemma 4.12. Assume that (H1)—(H4) hold, then, there exist two positive constants
b1 and B2 such that fort > 0,

ERL() + B1E'(t)
00 b 1
< —ou(t)E(t) +ﬁ2f(t)/ g(s)ds + &(t )(7 - 02)/ iz, 1)y (2, )d,
t 0
(4.36)
_ 2a5 8E(0)
with B1 = 222 and B2 = a5 (7(b790) + 200),
Proof. By differentiating L(t), using Lemma 4.3-Lemma 4.10 and letting e5 = ﬁ,

we obtain

N 1 1 20, 1
L) <[5 = e(N24+ — + =)]|(g o va)(t) — [22 — e4Ny — &5 — 22259 / pide
2 €5  €g 8 k 0

1 1 1
~lg—errara) [ (eoride— o+ ) [ e [ e

e8] 1
- Napa [ glepds - gpz—c<1+i+<1+ ) [t
Nal

[T—C(1+E1+62+f+€6+f+ /wdx

b
+(%—p2)/ @t¢xtd$—a1Ng/ / / §lu(9)22(z, py s, t) ds dp dx
0 o Jo Jn
c 1 T2
— (a1 N3 — 5)/ / §lu($)|2%(x, 1,6, t)ds dx
0 T1
1 1
oL+ NF A+ Ny tes + =+ (g 0 ) (1)
6 &6
1 1 1 1 1
— [Nc—c(l—&—f—i-f-i-Nz—i—*-i-f—i-Ng)]/ 62 dz.
€2 €5 €6 0

€1

We choose €1, €3, €5, €6 small enough such that

2 k
#1:%—65— p]i€6>07 §—0(61+62+86)>0,
and then we choose Ny large enough such that
Nyl 1 1 1
zf—dl+a+sr%f+€w%f+ —) > 0.
€6
‘We then select €4 so small that
w1 — €4 Na > 0.
Next, we pick Ny, N3 large enough such that
e 1 c
N1p2/ g(s)ds—§p2—0(1+—+( )Ng) 0, a1N3——>0.
0 €4 1)
Finally, we choose N large enough such Lemma 4.11 remains valid and
N7 1 1

11 11
(N1+7+ —), Ne—c¢(l+—+—+No+—+ —+ N3)>0.
2 €6 €1 €2 €5 Ee
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Consequently, by using Poincaré inequality and (2.7)), we obtain

L'(t) < —ayuB(t +a5/ / 8)(p(x,t) — p(x,t — 5))* dsdx
(4.37)

b
+ (22— p) /0 o1 @ e, ),

where a4 and a5 are positive constants.
Using (H3) and (4.1)), we obtain that for all t € R,

/ / V(o (@, t) — Yp(2,t — 5))* dsdx

< [ [ €60t vt - ) dsa
/ / 8)(Yu(2,t) — y(z,t — 5))*dsda
/ / 8) (Ve (2, 1) = (@, — 5))* ds dz

<——E’
v

On the other hand, using the definition of E(¢) and the fact that E(t) is nonin-
creasing, we ask for t,s € R,

1 1 1
/ (Yo, t) — Yp(x,t — 5))2dx< 2 7,/1%(:1:, t)dx + 2/ V2(x,t — s)dx
0 0 0

1
< 4sup z/J x, 8)dx + QSup/ V2(x, 7)dT
s>0 7<0

1
< 4sup 1/) x, s)dx + QSup/ i, (z, 7)dT
s>0 7>0J0

_7+2C .
(b= go) ’

/ / — Yl t— 5))dsdo

<((bg0)+2 )s()/tmg@)ds.

Then, we deduce that, for all t € R,

Then, we obtain

// 8) (g (2, ) — Yy (2,t — 8))? ds dx

2o (BEO .  (5)ds
< 7E(t)+ (”y(b—go) +2 o)é(t)/t g(s)ds.

The proof is complete. O

Theorem 4.13. Assume that (H1)—-(H4) hold.
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1. If % = /% hOld57 th6n7 fO?" any ((‘POanl)v(w07wl)a(00701)) € (Hol(oal) X
L?%(0,1))? satisfying, for some cq > 0,

1
/ wgm(xvs)dx < Co, Vs > O,
0

there exist constants €1, €2 > 0 such that, for allt € Ry and for all ¢y € [0, €],
t o]
E(t) <e (1 +/ (g(s))l_s"ds) gm0 Jo §(s)ds | 62/ g(s)ds. (4.38)
0 t

2. If p% + p% , then, for any ((vo,¢1), (Yo, ¥1), (00,01)) € (HE(0,1) x L?(0,1))3
satisfying, for some cqg >0

1 1
max{/o 1/J(%z(ai,s)dx,/0 wgm(l‘,s)dm} <cy, $>0,

there exists a constant ea > 0 such that, for allt € R,

_ell+ [7€(s) [ g(r)drds)

Bt : 4.39
(t) < (o) (4.39)

Proof. First, we define

Li(t) = €L + BEW), (1) = €(1) / " g(s)ds.

Clearly, L1 (t) and E(t) are equivalent, that is, exist positive constants ag and az,
such that
asE(t) < Li(t) < arE(t)

Then using Lemma 4.12 we have

Ly (t) < —a€()La(t) + Bor(t) + (%b—pz)f(t) /0 00 (2, ) e (2, )z, (4.40)

with €; = z—j This inequality still holds, for any €, € [0, €1], that is

Lh(t) < —eof(8)La(t) + Bar(t) + (%b —p2)E(1) /O (@, e, )da. (4.41)

Now, we distinguish two cases.

i(rjnzi)sheesl;hi f}or aﬁzt }éogj_; Because the last term in vanishes, then
% (e €Ly (1)) < o 5 €50 (p),

Therefore, by integrating over [0, 7] with 7' > 0, we have

T
Ly(T) < =03 €94 (1, (0) +ﬁ2/ e Jo €y (1)at),
0

which implies
1 T
E(T) < —e~c0 o &(=)ds (Ll(O) + B2 / eco Jo 5<S>dsr(t)dt). (4.42)
(6733 0
Because

: 1d -
eco o f(s)dsr(t)dt = (eeo I E(s)ds) /t g(s)ds

€o
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1 d eo [T E(s)ds > o [ €(s)ds
= (s g(s)ds) + g(t)eco s €,
t

€0 dt

by integration we obtain

T t
/ 0 Jo )45y (1) dt
0

1 €0 fT £(s)ds * > T €0 ft £(s)ds
=— (e 0 g(s)ds — g(s)ds + e Jo g(t)dt).
€0 T 0 0

Consequently
E(T) < 1 (Ll(O)e*EU Jo €(s)ds @/ g(s)ds)
T

ae €0 (4.43)

T
+ P2 o I apas / e<0 Jo €25 g (1) dt.
0

Q€
On the other hand, for all ¢t € R,

d ¢
o (ero o s g 1))
= e J§ &(s) dsf( )( ( ))60 — epe® IS 5(s)dsgeofl(t)gl(t)

= epe® Jo SV (g(1))0 ((t) + g (1) (1))
<0,

and then e Jo €)ds (g(¢))% < ((0))<. Therefore

T T
| enticongieyan < g0y [ (o). (1.44)

0 0

Finally, (4.43) and (4.44) give (4.38) for any classical solution of (2.1)) with
1 ﬁz B
=— L “l.
@1 = oomax {12(0), 2, 2 (9(0))

By denseness arguments, (4.38) remains valid for any weak solution of (2.1)).

Case 2: pﬁl #+ p—l’?. We estimate the last term of (4.41)) as follows: for any ¢ > 0,
there exists a positive constant ¢. (depending on ¢) such that

(%b B pQ) /01 (@, )i (, t)dx

_ 1 o)
=”bg—k"’“ / ou( 1) / 9(5) (e (2, £) — thar (2.t — 5)) ds

b— pok 1 oo
+ % / pi(z,1) / 9(8)thge (2, t — 5) ds da.
9o 0 0

By using Young’s inequality we obtain

M/ orest) [ 9061, 0) — st — ) dsd
< C/ |Q0t x,t |/ |'(/):1:t x t) ¢zt($,t—8)|dsdx
<GB0 +c / | 960 uttast) = st = ) dsda,
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At the same time we have

i " g el — s)ds = / () et — 8) — a(t)) ds
0 0

b— pok 1 oo
%/ oi(x,1) / 9(8) i, t — 5) ds da
90 0 0

— 1 *
- % / oe(,t) / g'(s) (Yor(t = 5) = s (t)) dsdz

E(t) = cc(g' 0 that)(t)

IA IA
ICTRON TG

(%b _p2) /1<Pt($ ) that (2, t)da

2¢ce

+// )W (1) — it = 5))? e — <= (),

Thus, we have

s@)(%b o) [ e et

2¢,

< e(t)E(t) + c&(t / / 8)(Vut (2, 1) — Yt (2,t — 5))? ds dx — —f( VE'(t).

Consequently,
L(t) < —as€(OB(0) + Bar(t) - €)' (1
v
(4.45)
+ c£(t) / / 8) (gt (,t) — Vg (2,t — 5))? ds du,
where ag = ¢gag — €. By using the definition of E5(t) and E4(t), we have
/ / V(i (2, ) — Yui (w0, t — 8))? dsdx < —%Eé(t), (4.46)
/ / 8) (Yt (0, ) — Yot (w, t — 8))? ds dx
(4.47)
E5(0)
< ( S0 —g0) +200) (t).
Hence, combining , and we obtain
d 2 € 2 €
G (DO + 2B + Z=E0E ()
2. (4.48)

< —asl()E(t) + Bsr(t) + *5 () E(t),

where 33 = 33 + (j(lii(g?o)) + 2¢g)ce. Because £ is nonincreasing, the last term of

(4.48) is nonpositive, therefore, by integration on [0,T] and using the fact E(t) is
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nonincreasing, we obtain

T T
2¢. 2¢.
asE(T) [ €0 < L) + ZEEa(0) + ZEEO) + 1 [ (0,
0 Y £(0) 0
which gives (4.39)) with
1 265 286
eo = — max{L;(0) + — E2(0) + —(0)E(0), B5}.
asg Y 3
This completes the proof. (Il
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