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BOUNDARY AND INITIAL VALUE PROBLEMS FOR
SECOND-ORDER NEUTRAL FUNCTIONAL DIFFERENTIAL
EQUATIONS

HOAN HOA LE, THI PHUONG NGOC LE

ABSTRACT. In this paper, we consider the three-point boundary-value problem
for the second order neutral functional differential equation
u + f(tue,u! (1) =0, 0<t<1,

with the three-point boundary condition ug = ¢, u(1) = u(n). Under suitable
assumptions on the function f we prove the existence, uniqueness and con-
tinuous dependence of solutions. As an application of the methods used, we
study the existence of solutions for the same equation with a “mixed” bound-
ary condition ug = ¢,u(l) = afu/(n) — v/ (0)], or with an initial condition
up = ¢,u’(0) = 0. For the initial-value problem, the uniqueness and con-
tinuous dependence of solutions are also considered. Furthermore, the paper
shows that the solution set of the initial-value problem is nonempty, compact
and connected. Our approach is based on the fixed point theory.

1. INTRODUCTION

Let C = C([-r,0];R), with > 0 is a fixed constant, be the Banach space of
all continuous functions ¢ : [-r,0] — R, with the sup-norm ||¢| = sup{|¢(9)] :
—r < 6 < 0}. For any continuous function u : [-r,1] — R and for any t € [0, 1],
we denote by u; the element of C' defined by u:(0) = u(t + 0),6 € [—r,0]. In this
paper, we consider the second-order neutral functional differential equation

u’ + ftug, ' (1) =0, 0<t<1, (1.1)

where f :[0,1] x C x R — R is continuous, with one of the following boundary
conditions

up = ¢, u(l) =u(n) (1.2)
up =, u(l) =af(n) —u'(0)], (1.3)

or with the initial conditions
u =¢, u'(0)=0, (1.4)

where p € C, 0 <n <1, and a € R.
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The boundary-value problems for ordinary differential equation and for neutral
functional differential equations have been studied by several authors by using the
Leray-Schauder continuation theorem, Leray-Schauder nonlinear alternative, topo-
logical transversality method. We refer the reader for example to [2, [l Bl [6, [7], 9]
and references therein.

In [5], the author proved the existence of solution for the neutral FDE

D)~ glt.20)] = Stz a'(1), 0=t
To = ¢7$(1) =1,

where f : [0,1] x C x R® — R", g : [0,1] x C — R™ are continuous functions,
¢ € C,p € R™. In [9], the existence, uniqueness and continuous dependence on a
real parameter « of the solution for the following problem were established

(A@)2' (1)) = f(t 2, 2'(t), 0<t<T,
20 =96, Ax(T)+ Ba(T) = v,
where A(t) is an n x n continuous matrix defined on [0,7], A and B are n X n
constant matrices, v € R", ¢ € C = C([—r, 0];R").
Recently in [4, [7], the authors studied the boundary-value problem
o'+ ft,bu) =0, 0<t<l,

where f : [0,1] xR — R is continuous, with one of the following boundary conditions

w(©0) =0, u(l) = au(n),
or

W'(0) =0, u(l)=au'(n).
In the base of the above papers, we shall consider the problems for FDEs (1.1),
(1.2); (1.1), (1.3) and (L.1), (1.4). This paper is organized as follows. In section

2, we present some preliminaries. By using Leray-Schauder nonlinear alternative,
the existence theorems of boundary-value problem — are given in section
3. Furthermore, the uniqueness, based on the contraction mapping principle, and
continuous dependence of solution are established. In sections 4; 5, as an application
of the methods which are used in the proofs of section 3, we also study the existence
of solution for the equation with a ”mixed” bonundary condition or with
an initial condition . For the initial value problem —, the uniqueness
and continuous dependence of solution are also considered. From the results, based
on the topological degree theory of compact vector fields, the paper shows that the
solution set of the initial value problem is nonempty, compact and connected.

2. PRELIMINARIES

We denote by C[0,1] and C'[0,1], respectively, the Banach spaces of continu-
ous real functions and continuously differentiable real functions on [0, 1], with the
norms:

|ullo = sup{|u(t)| : 0 < ¢t < 1},
[Jully = max{[|ullo, |u[lo},

where [|u||g = sup{|«/(t)| : 0 <t < 1}, and by L]0, 1] the space of all real functions
x(t) such that |x(t)| is Lebesgue integrable on [0, 1]. The proofs of our theorems
are based on the following theorems result.
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Theorem 2.1 (Nonlinear Alternative of Leray-Schauder). Let E be a Banach space
and 2 be a bounded open subset of E,0€ Q, T : Q) — E be a completely continuous
operator. Then, either there exists x € 9Q such that Tx = \x for some X > 1, or
there exists a fized point x € €.

The proof of the theorem above can be found in [6, Theorem 2.10].

Theorem 2.2 ([3]). Let (E,|-|) be a real Banach space, D be a bounded open subset
of E with boundary 0D, closure D and T : D — E be a completely continuous
operator. Assume that T satisfies the follows conditions:

(i) T has no fized points on 0D and v(I — T, D) # 0.

(ii) For each £ > 0, there is a completely continuous operator T. such that
|T.(z) — T(z)| < e, for all z € D, and such that for each h with |h| < &,
the equation x = T.(z) + h has at most one solution in D.

Then the set of fized points of T is nonempty, compact and connected.
The proof of the theorem above can be found in [3| theorem 48.2]. We remark
that condition (i) is equivalent to the following condition.
(i) T has no fixed points on 9D and deg(I — T, D,0) # 0.

Because of this, if a completely continuous operator T is defined on D and has no
fixed points on 9D, then the rotation v(I —T, D) coincides with the Leray-Schauder
degree of I — T on D with respect to the origin, see [3| section 20.2].

Theorem 2.3 ([I]). Let E,F be Banach spaces, D be an open subset of E and
f D — F be continuous. Then for each € > 0, there is a mapping fo : D — F
that is locally Lipschitz such that

|f(z) — fe(z)| <e, VaxeD,
and fo(D) is a subset of the closed convex hull of f(D).

The proof of the above theorem can be found in [I p. 53]. We will need the
following lemmas later. The proofs of these lemmas are not difficult and we omit
them.

Lemma 2.4 ([4]). Fory e C|0,1], the problem
u +yt)=0, te(0,1),
w(0) =0, u(l)=u(n),
with n € (0,1), has a unique solution
t t n t 1
ut) =~ [ (= se)ds = [ os+ [ sus)as
0 L—=nJo L—=nJo
te0,1].
Lemma 2.5. Fory € C[0,1], the “mized” boundary-value problem
W' +y(t) =0, te(0,1),
u(0) =0, wu(l)=a(d(n) —u'(0)),

with n € (0,1) and a € R, has a unique solution

t n 1
u(t) = 7/0 (t —s)y(s)ds — at/o y(s)ds + t/o (1 —s)y(s)ds, te]0,1].
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Lemma 2.6. Fory € C[0,1], the initial-value problem
o +yt)=0, 0<t<I,
u(0) =0, u/'(0)=0,

has a unique solution

3. MAIN RESULTS

In this section, we present our existence results for the boundary-value problem
- [2).

Theorem 3.1. Let f : [0,1] x C' x R — R be a continuous function. Assume that
there exist nonnegative functions p, q, r € L*[0,1] such that
( ) If(t u,v)| <p( Ml + (@) o] +r ( ) forall (t,u,v) €[0,1] x C xR
fo (1—39)p d8+7f0 s)ds < 1,

H3 {0 ( )]d5+1_77 fo 1 S () ()]ds'i'ifo n— 3 () Q(S)]d5<

Then the boundary-value problem (1.1)-(1.2)) has at least one solution.
Proof. Step 1. Consider first the case ¢(0) = 0. Put
= {u € C'[0,1] : u(0) = 0}.

Then Cj is the subspace of C1[0,1]. We note that for all u € Cp, u(t) = fot u(s)ds,
so

[ullo < [l [lo- (3.1)

For a function u € Cy, we define the function @ : [-r,1] — R by

We also note that
el < max{||ullg, 611"} < llull§ + ", vt € [0, 1),k > 0. (3.2)
Define the integral operator T : Cy — C*1[0, 1] by

t . . -
Tu(t) = — /0 (t—s)f(s,Us,u'(s))ds — m ; (n—8)f(s,us,u'(s))ds s
+ ﬁ | (1 —8)f(s,us,u'(s))ds, te][0,1].

By Lemma it is obvious that @ is a solution of the boundary-value problem
(1.1)-(L.2) if and only if the operator T" has a fixed point u € Cy, where

_ o ¢)(t)7 te [_T7 0]7
ut) = {u(t), telo,1].
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Using (H1) and (3.2)), for all u € Cy, for all ¢t € [0, 1], we obtain

[Tu(t)] < /0 (1 = s)[p(s)[ts]l + g(s) [/ (s)| + r(s)]ds
1 n

(77—8)[ ()]l + q(s)]e (s)] + r(s)lds

T / 1= 8)p(s) @]l + q(s) ()] + r(s)]ds
< Arllullo + Billo + O,

where

Hence
HTU”O < A1Hu||0+B1||U/H0+Ol, Yu € Cy. (34)
On the other hand,

/ Pl ())ds — —— [ (= &) f(s, e (3))ds

1_
o (3.5)
+ 17 (1 - S)f(sa aSa u/(s))ds, te [Oa 1]
—NnJo
Similarly, it follows from (H1) and (3.2) that
(Tu)'llo < Aslullo + Ballullo + C2,  Vu € Co, (3.6)
where
! I 1
A:/psds—i-i 1—s ds + —— n — s)p(s)ds,
o= [ pas+ = [0 —apeas+ = [ =9
1 1 1 1 n
Bz/qsds—ki 1—3s)q(s) + —— n — s)q(s)ds,
o= [ awis s = [ -9+ 1= [0
1 1 1 1 n
Co= ([ wo)s+ 2 [ (1= splpas+ = [ (= o(s)as)lol
1 1 1 n
+ / (s)ds+ —— [ (1—s)r(s)ds+ —— [ (n—s)r(s)ds
0 -1 L—=nJo
Put
A= max{Al, Ay + BQ} (37)

From (H2)-(H3), it follows that Ay < 1, Ao+ By < 1, s0 A < 1. We now choose a
constant B > 0 such that
B1C,

B 2 max{m

+ C1, Ca}, (3.8)
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and put

B
1-A’
Then  be a bounded open subset of Cp, 0 € Q, and 9Q = {u € Cy : ||u]l; = m}.
We shall show that T': = QUJIQ — C'[0,1] has a fixed point u € Q by applying
Theorem 211
(a) First, T is continuous. Indeed, for each ug € Q, let {u,} be a sequence in Q
such that lim, . u, = uo. For all ¢ € [0,1], from (3.3)), we get

Q={ueC:|ulp <m}. (3.9

m =

Tun(t) ~ Tug(t) = - / (t = 8) [ £ (5. (@) (5)) = F (s, (o), (5)) | ds

[0 ) 166 e (0) = S, e o) s
t [t . , o,
Fmy ) = 9)[76 @) () = S5, @)y u(s)) | ds.

Put D = {(uUn)s : s € [0,1],n = 0,1,2,...}, then D is compact in C. Since
f:00,1] x C x R — R is continuous, f is uniformly continuous on the compact
subset [0, 1] x D x [—m,m]. This implies that, for all € > 0, there exists § > 0 such
that for each (s1,¢1,v1), (82, P2,v2) € [0,1] X D x [—=m,m],

‘81—82|<(5, ||¢1—¢2||<(5, ‘1/1—1/2|<(5

= [f(s1,01,11) — f(s2,¢2,12)| < %a

with 3 =1+ 13—" > 0. Since lim,, o0 %, = up in £, with respect to || - ||1, there
exists ng such that for all n > ng,
1(@n)s — (to)s|| < 8, |ug(s) —ug(s)| <9, Vsel0,1].

On the other hand, for all s € [0,1], (s, (Un)s, ul(s)), (s, (@o)s, uf(s)) € [0,1] x D x
[—m, m], therefore, for all n > ny,

Tua(t) = Tuo(0)] < (1 7=2) |10, @ 0)) = 5 o) () s

Similarly
(Tun)'(8) = (Tuo) (9] < 5, Ve € [0,1].
This implies that for all n > ng,

g
| Tty — Tio1 = maX{HTun — Tuglfo, | (Tun)’ — (Tuo)’||0} <z<e

(b) Next, we show that T'(Q2) is relatively compact. Let {Tw,} be a bounded
sequence of T'(2), corresponding {u,} C 2, we shall show that {Tu,} contains a
convergence subsequence in C[0, 1], with respect to ||.||1. The proof of this fact is
obtained as follows. For all n, it follows from (3.4)), (3.6)), (3.9) that

HTunHO < A1||’ltn||0 + BlHu/nHO + Cl < Alm + Blm + Cl,

[(Tun)'llo < Azllunllo + Ba|lug o + C2 < Agm + Bam + Co.
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Hence, the sequences {T'u,, }, {(Tu,)’} are uniformly bounded. On the other hand,
combining (3.3)), (3.5)), (3.9) and (H1), for all n, for all ¢1,¢5 € [0, 1], we have

|Tun(t1) - Tun(t2)|

<| [ = s+ holbns) + mats) + r()ds
([T 9o+ lolp(s) + ma(s) + r(9)ds) s ~ o
([ L+ 101)pts) + ma(s) + r(9)ds) 11— o

< Kilty —to],

(T 0 = (P 02)] = | [ on+ 6105 + ma(s) + r(s) s
< Koty — ta],

where K, K5 are independent of ¢1, t5 and n. This implies that the sequences
{Tun},{(Tuy)'} are equi-continuous. By using the Ascoli-Arzela theorem, we have
{Tun}, {(Tu,)'} are relatively compact in C|[0, 1]. Therefore, there exists a subse-
quence {uy, } C {u,}, such that

Tup, —u and (Tu,,) — v, as k— oo,

with respect to ||.|lo. Then wu is differentiable and v’ = v, so Tu,, — u, as k — oo,
in C1[0,1], with respect to ||.||1. Thus 7T is completely continuous.

(c) Finally, suppose that there exists u* € 99, such that T'(u*) = Au*, for some
A > 1. Then, we have the following set is bounded

{u* € 00 : T(u*) =M™, A > 1}.
Indeed, it follows from (3.6)) that

* 1 * * * *
1) llo = SN(Tw")llo < (Tu")'llo < Azllu”[lo + Ball(w")llo + C2. (3-10)

Combining , , we get
(1= Az = By)|[(w")'llo < Co.
Since As + By < 1, this implies that
[(w)flo < M, (3.11)

where M = C5/(1—As— Bs) is a constant. Thus, combining (3.1)), (3.4), (3.6)-(3.8]),
(3.10) and (3.11)), we obtain

[Tu*|lo < Axllullo + Bil[(u")'flo + C1
< Aqfluflo+ BiM + C4
< Alu*llo + B, (3.12)
[(Tu*)'[lo < Aslu™ |1 + Ballu™[1 + C2
< Allu*||1 + B.

Consequently
Alu*lly = I Tu*[ly < Allu”ly + B,
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which implies
B
m<Am+B or A< A+ —, ie A<,
m

this contradicts A > 1. The proof of step 1 is complete.
Step 2. The case ¢(0) # 0. By the transformation v = u—¢(0), the boundary-value
problem ([1.1))-(1.2)) reduces to the boundary-value problem

V" + f(t,ve+ ¢(0),0' () =0, 0<t<1,
vo=0¢—0(0)=0, v(l)=nu(n),

with (E € C and qZ(O) = 0. By step 1, this boundary-value problem has at least one
solution. Step 2 follows and Theorem [3.1]is proved. O

Theorem 3.2. Let f:[0,1] x C x R — R be a continuous function. Assume that
there exist nonnegative functions p, q, r € L*[0,1] and reals constants k,l € [0,1]
such that (H2) holds and

(H1) |£(t,u,0)| < p(®)|[ull® + q(@)]o]' +r(t), for all (t,u,v) € [0,1] x C xR,
(H3) Q(k)Az +Q(I)By < 1,
where

1 1 1 1 n
Ay = / pe)ds + —— [ (- s)p(s)ds + —— [ (n— s)p(s)ds,
0 1-nJ 1—=nJo

By = /0 q(s)ds + ﬁ ; (1—s)q(s)+ ﬁ ; (n — s)a(s)ds,

and

0, 0<u<l,
Q(u)={l _M
’ /j“_]'

Then the boundary-value problem (L.1)) — (1.2)) has at least one solution.

Proof. It is obvious that the Theorem [3.I] is a special case of this theorem with
k =1=1. Here, we consider only the case ¢(0) = 0 and let the subspace Cj, the
function @ and the operator T' be defined as in Theorem Using (H1) and (3.2)),

for all u € C and all ¢ € [0, 1], we have
1
|Tu(t)] < /O (1= 9)[p(s)[[as]|” + g(s)[' ()" + 7(s5)]ds
1 K ~ ik 10l
M p— ; (n = 8)[p(s) s [|” + g(s)|w'(s)" + 7(s)]ds
1 ! ~ 1k / l
+ =), (1 =s)p(s)llus)™ + q(s)[u'(s)]" + r(s)]ds
< A |lulls + Billw/ [l + Cs,
where A; and B; as in Theorem [3.1] and

9 n 1 1 n
o =(3= / (1= (s + 7= | 0= shp(s)as) o
+ 2=n (1 —s)r(s)ds + . 77(17 — s)r(s)ds.

1—=nJo 1-=nJo
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It follows that for all u € Cy,
ITullo < Auflull§ + Bill/[[g + Cs. (3.13)

Similarly, for all u € Cy, we obtain
1(Tw)'llo < Asl|ulls + Bzl[w'[[§ + Ca (3.14)
< As[u'|[§ + Bal'llg + Ci,

where A5 and By are as above and

042(/ ds+7/ 1= s)pls)ds + = [ (r= oIp(s)ds) ol

—|—/0 ()d8+ﬁ ](1—5)()ds+f ; (77—5) (s)ds.

Clearly, as the proof of the Theorem[3.1] if we show the boundedness of the following
set
{u* €00 : T(u") = ™, A > 1}, (3.15)
then, combining the assume (H2), the proof of Theorem will be completely.
That is proved as follows.
Suppose that there exists u* € 99 such that T'(u*) = Au* for some A > 1. We

consider three cases.
Case 1: 0 <k <1,0<I<1 If [[(u*)]lo > 1, then from (3.14), we have

I(Tu) llo < (A2 + Ba)l|(u”)[[§ + Ci, (3.16)
where h = max{k,}. It follows that
* 1 *
1) llo = S 1(TwY llo < I1(Tu)'llo < (A2 + Ba)ll(w") llg + Ca. (3.17)

Here, let us note that if K > 0, H > 0, 0 < § < 2 are given constants, then there
exists a constant C' > 0 such that

Kx

Hence, with x = /||(u*)’||o, K = A2 + Ba, f = 2h, H = 1, the inequality (3.18)
implies that

(3.18)

1
(Az + Ba)||(u*) || + Cs < §||(U*)'H0 +Cy+ C.

Combining the above inequalities,

* 1 * *
1) llo < 5l1(w)llo + Ca+Cor l[(u)llo < 2Cy +2C.
We can choose C' such that 2C; + 2C > 1; therefore,
1) llo < 2Cs + 2C,

although [[(u*)|lo < 1 or ||(u*)]lo > 1. Thus, in case 1, there exists a positive
constant M = 2Cy + 2C, such that

I(u*Y']lo < M. (3.19)
Case 2: k=1,0<1[< 1. From (3.14), we have
I(Tu*) o < Azll(u™)'llo + Ball(w*)'llo + Co,
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where Cy = Cj, since k = 1. So we have
(1= A2)[l(u*) o < Bal|(w*)'[lg + Ca.

Clearly, from (H3), Ay < 1. Using (3.18) again, with = = \/|[(u*)/[Jo, K = Ba,
8=2l, H=1-— Asy, we get

1 ~
Ba|(u)'llo + C2 < 5 (1 = A)[|(w") llo + C2 + C,

and so
20, + 2C
1Ay
where C is a positive constant. We deduce that also holds in the second case,
in which M = %.

Case 8 0 <k < 1,1 =1. We conclude from the hypothesis (H3) that By < 1,
hence that it is similar to the above cases, also holds. Therefore, Theorem

[3:2) is proved. O
Now, we present the uniqueness of the solution of the boundary-value problem

LD-C2).

Theorem 3.3. Let f : [0,1] x C' x R — R be continuous function and satisfy on
[0,1] x C x R the Lipschitz condition

£t u,0) = f(t 0, 0)] < 0w —ul| + v —2]),

for some positive constant 0. If 2(1+ %)9 < 1, then there exists a unique solution

of @)D,

(1= A)l[(w")llo < %(1 = Ag)ll(u*)'lo + C2 + C & | () llo <

Proof. Let S be the space of continuous functions u : [—r,1] — R such that w is
continuously differentiable on [0, 1] and ug = ¢. We define
d = t) —o(t "(t) = ' (t)]}. 2
(u,0) = maas { gua, fu(t) — o)), oas, |0 =o'}, (320)

Then S is a completely metrizable space with the distance function d. By Lemma
[2:4) for each u € S, the problem

o+ ftu, ' (t) =0, 0<t<1,
3.21
2(0) = 6(0).  2(1) = a(). (321
has a unique solution on [0, 1] which is defined as
¢ / t K /
o0) =0(0) = [ (¢ =)' (6)ds = 7 [ 0= 9) (sl (9)ds
1
+ =S (s)ds, e [0,1)
I—=nJo

We define ©w € S, by u(t) = x(t) on [0,1] and %y = ¢. Therefore, the mapping
P: S5 — S is defined by
Pu)=u, ues.
For any u,v € S, we put w = u — v. Then w satisfies
w” + [t ug, ' (8) — f(t,v,0' () =0, 0<¢t<1,

wo =0, w(l)=w(n). (822)
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It follows that for all ¢ € [0, 1], we have
\</u3%, (5)) = F(t, v, 0/ (5))|ds
*jzé\ﬂme@%ﬁm%w@m%
1fv@%w@%¢amu@w8 (3.23)
_ 7’] 0 b b b) )

gKﬂ/ (lus — vl + ' (s) — v/(s)])ds
< KO fu(t) — v(t)| + mas [u' () = (1)]).

where K =1+ % Similarly,

hﬂMSK/V@%M@%Jw%U®WS

< KO i fu(t) — o(t)| + aax [u' () /(1))

(3.24)

By the definition of d, we have

d(@,7) = max { max [a(t) — ()], max [@'(t) — ()]}

< K0 ( max, [u(t) — o(®)| + max [u'(1) — v'(1)])

< 2K0d(u,v).

Since 2K60 = 2(1 + —)0 < 1, we deduce that P is the contraction mapping.

Therefore there exists a unique u € S such that P(u) = u. This implies that u is
the unique solution of the boundary-value problem (1.1})-(1.2). Then Theorem
is proved. O

We remark that Theorem remains valid if we consider the boundary-value

problem
u + ftug, ' (8),N), 0<t<1,

Uug = ¢a U(l) = u(n)7

where X is a real parameter and

on [0,1] x C' x R x R for some positive constant 6, with

(3.25)

2
20+ )0 <1 (3.27)

In other words, by Theorem if (3.26) , (3.27) hold then the boundary-value
problem (3.25)) has a unique solution u(t) = u(t, A) for each A\. We will show that
the solution of (3.25|) depends continuously on the parameter \ if

|f(t7uava Al)ff(tau’va)‘Q)‘ §L|)‘1 7>‘2‘a (328)
for some positive constant L, for all A\i, As.

Theorem 3.4. Let f:]0,1] x C x R xR — R be a continuous function. If (3.26)
-(3.28)) hold then the solution of (3.25) depends continuously on .
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Proof. Let u(t) = u(t, A1) and v(¢t) = v(t, A2) be solutions of (3.25) with A = A\; and
A = Ao, respectively. It follows from ([3.23), (3.24) and (3.28) that for all ¢ € [0, 1],

Ju(t) — ot \<K/ (st (8),00) — F(tva, 0/ (), Ag)ds

gK/ £ (5,100, (5), A1) — F(t 0,0/ (), A1) |ds

—|—K/ |f(s,vs,0(8), A1) — f(t,vs,0'(5), A2)|ds

< KO max, u(t) = v(®)] + max. [u'(t) = v/()]) + KL = A,

/ !/ /!
/(1) =/ (1)] < KO g fu(t) — v(t)] + max o (1) =0/ (8)]) + KLIAs = Dol
where K = 1+ % Thus, in the completely metrizable space (S,d) which is
defined as above, we have

d(u,v) = max { Jnax max|u(t) —v(t)], max, max|u’ (¢ )}

< Ke( max, [u(t) — (1) + max, /(1) —v (t)\) +KLIA — Ao

< 2K60d(u,v) + KL\ — A2l
By (3.27)), we have 2K6 < 1, so

KL
< — — .
d(u,v) = 1_2K9|)‘1 )\2|
Thus, the solution of (3.25) depends continuously on the parameter A. The proof
of Theorem [3:4] is complete. O

4. APPLICATION FOR THE “MIXED” BOUNDARY VALUE PROBLEM

Now, we present our existence results for the solution to the boundary-value
problem (|1.1))-(|1.3]). Based on lemma the proofs for the following theorems are
similar to that of the section 3.

Theorem 4.1. Let f : [0,1] x C x R — R be a continuous function and assume
there exist nonnegative functions p, q, v € L1[0,1] such that

(ML) [f(t, u,v)] < p(t)]|ull + q(t )Ivl +7(t), for all (t,u,v) €[0,1] x C xR
(M2) 2 [ (1 — s)p(s)ds + |a| [ p(s)ds < 1,
(M3) (2 — 8)[p(s) + q(s)]ds + \a|f0 +q(s)]ds < 1.

Then the boundary-value problem — has at least one solution.

Pmof We first consider the case ¢(0) = 0 and let the subspace Cj, the functions
U be defined as in Theorem [3.1} Define the integral operator T : Cy — C'[0,1] by

Tu(t) :—/O (t —8)f(s, s, u'(s)) ds—at/ f(s,s,u/(s))ds
L (4.1)
+t/0 (1—3)f(s,us,u'(s))ds, t € [0,1].

Using (M1) and (3.2), it follows that
| Tullo < a1llullo + b1||u']o +c1,  Vu € Co, (4.2)



EJDE-2006/62 BOUNDARY AND INITIAL VALUE PROBLEMS 13

=2 (1 S)pls)ds + o / " p(s)ds,
b1_2/1(1—s) (s )d3+|a|/
(2/ (1-s)p ds+|a\/ )ds) ]

+2/0 (1— s)r(s )ds+|a|/

Also using (M1) and (3.2)), we obtain
1(Tu)'llo < azllullo + ballu’llo + c2,  Vu € Co, (4.3)

— /01(2 — 5)p(s)ds + |a /Onp(S)dS
by —/1(2—s)q(s)ds+la/nq(s)ds
62:(/< _9)p ds+|a|/ $)ds) ]

+/ 2= or(e)ds + ol [

As in the proof of the theorems (3.1} m . we conclude from , and (M3)
that the following set is bounded

{u* €9 :T(u") =", \>1}. (4.4)

Hence that, combining the assumption (M2) and the continuity of f, T has a fixed
point u € Cy. In the case ¢(0) # 0, by the transformation v = u — ¢(0), we can
rewrite the boundary-value problem (|1.1)-(1.3)) in the form

"+ ft,ve + ¢(0),0'(t)) =0, 0<t<1,
vw=¢—-¢(0)=0, v(l)=al(n)—v'(0)]-¢0),

in which 5 € C and ¢~5(0) = 0. Here, we also consider the subspace Cj and for a
function v € Cy, we define the function v : [-r,1] — R by

~ o g(t)v (&S [—T, 0]7
o) = {v(t), telo,1].

where

where

Consider the operator T : Cy — C1[0,1] defined by
~ t n
Tu(t) = = [ (= )65+ 00/ ()ds — at [ 15+ 6(0).0/(5))ds
0 0
1
00+t [ (1= )68+ 600, (5)ds. 1€ 0.1
0

Then, we can prove in a similar manner as above that T has a fixed point v € Cp.
This completes the proof of Theorem O
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Theorem 4.2. Let f:[0,1] x C x R — R be a continuous function. Suppose that
there exist nonnegative functions p, q, r € L'[0,1] and reals constants k,l € [0,1]
such that (M2) holds and

(M1) |f(t,u, )] < p@)|[ul* + g(B) o] +r(t), for all (t,u,v) € [0,1] x C x R
(M3) Q(k)az + Q(1)bs < 1,

where

ay = /01(2 = s)p(s)ds + |o| /On p(s)ds,
m:f@—m@m+mﬁZ@m

and the function Q(u) is defined as in the Theorem . Then the boundary-value
problem (1.1)-(1.3]) has at least one solution.

The proof for the above theorem is similar to that of the Theorem [3.2] and is
omitted.

5. APPLICATION FOR THE INITIAL VALUE PROBLEM

First, by the same method as in section 3, combining Lemma [2.6] we also estab-
lish the following results for the existence, uniqueness, continuous dependence on a
real parameter of the solution to the IVP (1.1J)-(1.4).

Theorem 5.1. Let f:[0,1] x C x R — R be continuous function and there exist
nonnegative functions p, q, v € L1[0,1] such that

(I1) |f(t u, )| < p@®)|lull + q@®)|v| + r(t), for all (t,u,v) €[0,1] x C xR,
(12) [ p(s)ds + [y q(s)ds < 1.
Then the (1.1)-(L.4) has at least one solution.

We remark that the above theorem may be a special case of [5, Corollary 4.2]
which is stated there without proving.

Proof of the Theorem[5.1 Here, we consider only the case ¢(0) = 0 and let the
subspace Cj, and the function 7 defined as in Theorem [3.1] Define the integral
operator T : Cy — C1[0,1] by

t
Tu(t) = —/ (t —s)f(s,us,u'(s))ds, te€]0,1]. (5.1)
0
Using (I1), (3.2)) and (5.1)), for all u € Cy, we obtain
ITullo < Avflullo + Bullu'lo + Ci, (5.2)
where
_ 1 _ 1
A= [ - spsds, Bu= [ (1= s
0 0
B 1 1
Co=loll [ (1= sps)ds + [ (1= s)r(s)ds
0 0
and

I(Tu)'llo < Aslfullo + Bellu'o + Ca, (5:3)
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where

A, = /}@w B = Al@w

c%ww/ w+/r@w

Ay <Ay, By < By, () <0,
This implies from (I2) and (5.2)), (5.3)) that the following set is bounded

It is easy to see that

{u* €00 : T(u") = ™, A > 1}. (5.4)
Choose the constants X, E, m as follows
g = max{gl, AVQ + EQ} = Avg + EQ, (55)

by (I2), we have Ay + By < 1, so A< 1,

E>mﬂ?%+@ﬁ% (5.6)

clearly, B> 0. Put

Q={ueCy:|ul1 <m}, withm=

= (5.7)

Clearly, 2 is a bounded open subset of Cy, 0 € 2, and 9Q = {u € Cy : |Ju|; = m}.

Then, we can prove that the operator T : Q = QU 92 — C1[0,1] is completely
continuous and there is not u* € 90Q such that T(u*) = Au*, for some A\ > 1.
By using theorem [2.1) 7" has a fixed point u € Q. The proof of Theorem is
complete. O

Theorem 5.2. Let f : [0,1] x C' x R — R be continuous function. Assume that
there exist nonnegative functions p, q, r € L'[0,1] and reals constants k,l € [0,1]
such that

(~ ) |f(t u, U)| < p(t )HUHkJF‘J( ol' +7(t), for all (t,u,v) €[0,1] x C' xR
k) [y p(s)ds + Q(l) [y a(s)ds < 1,

where the functwn Q(u) is defined as in the Theorem|3.2 . Then . has at
least one solution.

Theorem 5.3. Let f : [0,1] x C' x R — R be continuous function and satisfy on
[0,1] x C x R the Lipschitz condition

|f(t u,0) = f(t,0,0)] < 0([[u—all + |[v - 7)),
for some positive constant 0. If 20 < 1, then there exists a unique solution to
(EI)-[.49).
Now, we consider the problem
w4+ f(tug,u'(t), ), 0<t<1,
up = ¢, u'(0) =0,
where A is a real parameter and

|f(ta u, v, )‘) - f(taaa 5) )‘)‘ < G(H’UJ - a|| + |”U - :J|)7 (59)
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on [0,1] x C' x R x R for some positive constant 6, with
20 < 1, (5.10)
|[f(tu,v,0) — f(t,u,v, M) < LIy — Agl, (5.11)
for some positive constant L, for all A\i, As.

Theorem 5.4. Let f : [0,1]x CxRxR — R be continuous function. If (5.9)-(5.11)
hold, then the solution to (5.8)) depends continuously on .

The proofs of Theorems are similar to that of Theorems [3.2}{3.4] respec-
tively, let us omit them.

Next, we shall show that the solution set of — is nonempty, compact
and connected. To this end, we need the following result.

Proposition 5.5. Let f :[0,1] x C x R — R be continuous and locally Lipschitz
with respect to C X R, i.e. for every (tg, ug,vo) € [0,1] x C x R, there exist positive
constants 0, p,o and 0 > 0 such that

£ (t,u,0) = £(E,0,0)] < 0(|lu —ul| + v —2),

for some positive constant 0, for all t € [0,1], (u,v), (w,v) € C x R, with

t—tol <5, Ju—uoll <p, T—uol <p, |o— w0l <o, 5— w0 <o
Then — has at most a solution.
Proof. Suppose that (L.1)-(L.4) have two solutions u(t),v(t) on [-r,1]. Then

u(t) =wv(t), forallte [—r0].
We shall show that u(t) = v(t), for all ¢ € [-r,1]. Put
b=max {7 :u(t) =v(t),Vt € [-r,7]}. (5.12)

Clearly, b > 0. Thus 0 < b < 1. We suppose by contradiction that b < 1. Since f
is locally lipschitz, for (b, up, u’(b)) € [0,1] x C x R, there exist real numbers ¢, p, &
and 6 > 0 such that

|f(t U1, 01) — f(t, T2, 02)| < O([[ty — Ua|| + |01 — T2]),
for all t € [0,1], (@1, 5), (@2, ) € C x R, with [t — b| < 6,
[ —wll < p. iz —wl[ < p, [1—W(d) <0, [2—u(b)] <o

Note that up = vp, v/(b) = v'(b) and b+ < 1.
For each fixed u € C([—r,1];R) which is continuously differentiable on [0, 1],
since the mappings

s—ug, s u'(s) with s €0, 1],
are continuous, so there exists 6’ > 0 with ¢’ < ¢ and 264’ < 1, such that
lus —wll < o, flvs —wll <p,  [u'(s) —u/' () <o, [V'(s) —u'(B)] <o,
for all s € [b,b+ 0'].
Let Sy be the space of continuous functions = : [—r,b + §'] — R which are
continuously differentiable on [b,b + ¢'] with x, = up. We define

_ _ / o/
dy(,y) = mas { | max fo(t) (D], _max[2'() — /(1) }.
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Then S is a completely metrizable space with the distance function d. It is easy
to see that U = u|(_, 457 € Sp and U = v|[_pp457 € Sp. Put w = — v, then w
satisfies
w” + f(t,w, @ (t) — f(t,0,7(¢) =0, b<t<b+4¢,
wy =0, w'(b)=0.

It follows that for all ¢ € [b,b+ '], we have

(5.13)

|w(t)] S/b (1= $)|f (5,7, W (s)) = f(5,05,7(s))|ds

S 9/(, (”ﬂs _ESH + |U/(S) —EI(S)DdS

< / — = — =
<00/ (, x| fa(t) = 50|+ max | fi'(1) - 7(0)]).

Similarly,

WO < [ 175,17 (5) ~ £(5,.,7())ds
b
<09/, masx | fa(t) ~ 50|+ max (1) - 7(0)]).

By the definition of the distance dj, we have

dy (7, 7) :max{ max _[a(t) — v(t)|, max |ﬂ’(t)—ﬁ’(t)|}

b<t<b+s’ T p<t<b4-8’
<95/( u(t) —o(t */tf*’t)
< b;gl;;m,lﬂ() v()|+b§1t11§3i§, [’ (t) —v'(t)|

< 2606'dy(u, ).
Since 264’ < 1, we deduce that dy(u,v) = 0 i.e. w = v. Therefore,
u(t) =v(t), Vte[-rb+d].

This leads to a contradiction with the definition of b in (5.12)). Then the proof is
complete. 0

From Theorems and Proposition [5.5] we obtain the following corollary.

Corollary 5.6. Let f : [0,1] x C Xx R — R be a continuous function and locally
Lipschitz with respect to C' x R. Assume that there exist nonnegative functions p,
q, 7 € LY[0,1] and reals constants k,l € [0,1] such that

T1) |f(t,u,v)] < pt)||ull* + qt)|v]' + r(t), for all (t,u,v) € [0,1] x C x R

= 1 1

(12) Q(k) [y p(s)ds + Q(1) [y q(s)ds < 1,
where the function Q(u) is defined as in the Theorem (3.4 Then (1.1)-(1.4) has a
unique solution.

By the above results and applying Theorems we have the following
theorem.

Theorem 5.7. Let f : [q, 1] X C xR — R be continuous function and satisfy the
conditions (11)-(12) or (11)-(12). Then the solution set of the IVP (1.1)-(1.4) s
nonempty, compact and connected.
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Proof. Step 1. The case ¢(0) = 0. We again consider the subspace Cj, the
function u and the operator T, which are defined as in Theorem As above,
T:Q=QuUd0 — C*0,1] is completely continuous, where

- ~ B
Q={ueC:|ulp <m}, m= —.
1-A
According to Theorems it is obvious that the fixed point set of T' is
nonempty. Furthermore, it is compact and connected. Indeed, First, for all u € €Q,

it follows from (5.2)), (5.3)), (5.6) and (5.7)), that
|Tully < A i+ Co,

B O ~ ~
m= _ > CQN, ie. Am+ Cy < m.
1-A4 1-A
Therefore, ||Tu||y < m. Then we obtain
T(Q) c Q.

On the other hand, € is convex, so
deg(I —T,9Q,0) # 0.

Obviously, T has no fixed points on 0f2.

Next, the function f : [0,1] x C' xR — R is continuous function, by Theorem [2.3
for each € > 0, there is a mapping fe : [0,1] x C x R — R that is locally Lipschitz
with respect to C' x R, such that

lf (¢t u,v) = fo(t,u,0)| < =, Y(t,u,v) € 10,1] x C xR, (5.14)

DN ™

Clearly, f. is continuous. Moreover, by f satisfies the conditions (I1)-(I2) or (11)-
(12), it follows from (5.14) that f. satisfies the conditions (I1)-(I2) or (I1)-(I2). Let
T. : Q — C10,1] be defined by

t
Tout) = — / (t = )f (5,700, 0/ (s))ds, ¢ € [0,1]. (5.15)
0
It is easy to check that T. is completely continuous and
IT(u) — Te(w)|; < % <e, Vuel. (5.16)

Finally, we need prove that for each h € Q with ||h|; < €, the equation
u="T.(u)+h, (5.17)
has at most one solution. Suppose that uy, uy are two solutions of ([5.17)). Put

~ ~

’11}1:@\1—]17 wgzag—h,

where
~ . Je(t), te[-r0], o )o), te[-r0]
h(t){h(t), telo,1], uz(t){ui(t), te0,1],

1 =1,2. Then wy, wy are two solutions of the problem
w” + fo(t,wy + he,w' () + 1/ (1) =0, 0<t <1,

wo =0, w'(0)=0. (5.18)
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This implies from Proposition [5.5]that the problem has at most one solution,
SO
w1 = wg, 1.e. up = Us.
It follows that has at most one solution.
Applying Theorem [2.2] we have the fixed point set of T' is nonempty, compact
and connected. Thus, so is the solution set of —. The step 1 is complete.
Step 2. The case ¢(0) # 0. By the transformation v = u—¢(0), the IVP (L.1)-(L.4)

can be rewritten in the form
v+ f(t v+ ¢(0),0'(1) =0, 0<t<1,
v=¢-¢0) =0, '(0)=
in which ¢ € C and %(0) = 0. By the step 1, we can prove without difficulty that the
solution set of (5.19) is nonempty, compact and connected. In this proof, when f
satisfies the conditions (I1)-(I2), the inequality (3.18) is used again. Consequently,

the solution set of (|1.1)-(1.4) is nonempty, compact and connected. Theorem
is proved. ([

(5.19)
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