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TRAVELLING SOLITARY WAVES FOR BOSON STARS

GUOQING ZHANG, NINGNING SONG

ABSTRACT. In this article, we study the pseudo-relativistic Hartree equation
0 = (V—A+m2 —m)y — (

which describes the dynamics of pseudo-relativistic boson stars with rest mass

—p|x|
S «[¢)p, onR3,

47|z|

m > 0 in the mean-field limit. Based on Ekeland variational principle, con-
centration-compactness lemma and Gagliardo-Nirenberg inequality, we prove
existence of travelling solitary waves under the critical stellar mass. In addition
to their existence, we obtain orbital stability by using a general idea presented
in Cazenave and Lions [2].

1. INTRODUCTION

In this article, we consider the pseudo-relativistic Hartree equation

100 = (V—=A+m2 —m)p — Y, (z,t) € R3 xR,

(1.1)
—A® + 70 = [¢?, (x,t) € R® xR,

where 9(x,t) and ®(x,t) are complex-valued wave functions, m denotes the rela-
tivistic particle of mass, when m > 0 and when p > 0. It is straightforward to solve
the second equation of ([1.1)) and obtain the expression

—plz| 1 —plz—y
¥a) = Tl = - [ e (12)

~ dnlz| T ir

where the symbol * stands for convolution of functions on R3. By substituting the
expression of ®(x) into the first equation of (|1.1), we obtain the nonlocal nonlinear
Schrodinger equation

0 = (V-A+m2—m)yp — (

Recently, many authors have studied the pseudo-relativistic Hartree equation. In
2006, Elgart and Schlein [3] studied the nonlocal nonlinear Schrédinger equation

10 = (V—A+m?2 —m) — (i |, (z,t) e R® xR. (1.4)

||

e_H‘wl

* |[Y)?), (z,t) € R® x R. (1.3)

4|z

Equation (1.4)) arises as an effective dynamical description for an N-body quantum
system of relativistic bosons with two-body interaction given by Newtonian gravity.
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In 2007, Lenzmann [I1] proved local and global well-posedness for equation by
using Kato’s inequality, a priori estimates and conservation of charge and energy.
Frohlich and Lenzmann [6], Lenzmann and Lewin [§] obtained the existence of
finite-time blow up solution. In particular, the idea of a mathematical model of
pseudo-relativistic boson stars dates back to the works of Lieb and Thirring [I5]
and of Lieb and Yau [I6], where the corresponding N-body Hamiltonian and its
relation to the Hartree energy functional are discussed.

Because of the focusing nature of the nonlinearity in equation , there ex-
ist solitary wave solutions. Based on rearrangement inequalities and variational
arguments, Lieb and Yau [16] proved the existence of ground state solitary wave
solutions for equation (1.4). Lenzmann [I0] obtained the uniqueness of ground
states. In 2018, Guo and Zeng [7] proved existence of ground state solitary wave
solutions, and presented a detailed analysis of the behavior of ground states.

In this article, we focus on the existence and properties of travelling solitary
wave solutions for . More precisely, we consider solutions of the form

Y(x,t) = e, (z — vt), (1.5)

with w € R and travelling velocity v € R? such that |v| < 1 (i.e., below the speed
of light in our units). Substituting ansatz (L.5) in (L.3), we have

(V=A+m? —m)p, +i(v-V)p, — (

with w € R. Using the Ekeland variational principle, concentration-compactness
lemma and Gagliardo-Nirenberg inequality, we obtain existence of travelling solitary
wave solutions under the critical stellar mass.

We point out that, since equation is not the Lorentz covariant, travelling
solitary wave solutions can not be directly obtained from solitary waves at rest
(that is, when v = 0 in (L)) and then applying a Lorentz boost. We also obtain
the existence of ground state travelling solitary wave solutions for under the
critical stellar mass. Apart from the existence of travelling solitary wave solutions,
we are also concerned with properties such as “orbital stability”.

This article is organized as follows. In Section 2, we set up the variational
structure for equation , and state our main theorems. In Section 3 and 4, we
obtain existence of travelling solitary wave solutions for . In Section 5, we
prove orbital stability of travelling solitary waves.

e_/U""Lll

* |(Pv‘2)90v = WP, (1.6)

2. PRELIMINARIES AND STATEMENT OF MAIN RESULTS

In this section, we introduce some basic notation and lemmas which will be used
in subsequent sections. Let LP(R3) denote the usual Lebesgue space for p > 1. We
define the Fourier transform for f € S(R3) (i.e., Schwartz functions) by

1

—ikx
@n)prE Jp /(e

(D) = k) =
where F extends to S’(R?) (i.e., the space of tempered distributions) by duality.
We introduce the operator (1 — A)Y/? via its multiplier (1 4 |k|?)'/? in Fourier
space, i.e., we set (1 — A)Y2f = F1(1 + |k|?)Y/2Ff]. Likewise, we define the
operator v —A + m? through its multiplier 1/|k|?2 + m? in the Fourier space.
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We employ the Sobolev space H'/?(R?) of fractional order 1/2 defined by
HY2(R) = {f € /(R (1 - M)V € I2(R)), (21)

and equipped with the norm || f|| z1/2(gsy = || (1=A)Y4f| 12rs). In 2007, Lenzmann
[11] investigated the local and global well posedness of the Cauchy problem for
equation ([1.3)).

Lemma 2.1. For any ¢(z,0) = () € HY?(R?), there exists a unique global
solution (z,t) € C(R, HY/2(R3)) N CY (R, H~2 (R3)), provided that

[Y0(2) |2 @s) < Q)| L2 (s),
where Q(x) € HY?(R?) is a strictly positive solution of

VERQ — (5 1QP)Q = —Q. (2.2)

47 ||

We defined the charge M (¢ (x,t)) by

M (i (x, 1)) = / Y (@, t)|*dz,
R3
and the energy associated with (L.3)) by

S0 (VA —m) = 1 [ (€

E = HPde. (2.
(6(z.1)) = & 1 LGy P, (23)
Lenzmann [II] proved that the solution v (z,t) obtained in Lemma conserves
both the charge M (¢(z,t)) and the energy F(¢(z,t)), i.e.,
M(y(z,t)) = M(¢o(x)) and  E(y(z,t)) = E(o(2)). (2.4)
For equation (T.6), we define the functional E, : H'/?(R?) — R by

Ey(ip0) 1= (o (V=B 12— m)ie) + S0, (0 Vi)

1 e—Hlzl ) 9
- v v d )
1 LG *leP e

—plz|

(2.5)

and the charge functional N : H'/2(R?) — R by
N(py) = /]RS o) *da = ||‘Pv||%2(]R3)' (2.6)

It is straightforward to verify that E, € C*(H'/?(R?),R) and N € C'(H'/?(R3),R).

Lemma 2.2 ([]). For any v € R® with |v| < 1, there exists an optimal constant
S, such that

1 .
~/]Rs(47'r|l‘| * |90v‘2)|30v|2dx < 8w, (V=A +iv - V), ) (@u, Pu), (2.7)

holds for all o, € HY?(R3). Moreover, we have
2

Sy = >,

(Qu: Qu)

where Q, € HY/2(R3),Q, # 0 is an optimizer for (2.6) and it satisfies

\ _AQv + i(v ' V)Qv - ( * |Qv|2)Qv = _Qv'

1
47 ||
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In addition, the following estimates hold:
Sv:O S S’u S (]- - |U|)_15v:0~
Definition 2.3. We say that N* is a critical stellar mass if
N 2
Ny = [1Qull72rsy = 5.
where @, is obtained in Lemma [2.2

We consider the following minimization problem
L,(N) = inf{E,(¢,) : oo € H'*(R*), N(p,) = N}, (2.8)

where E,, N is defined by and , N > 0,v € R3, with |v] < 1 denote
given parameters. Any minimizer o, € H'/? (R?) for minimization problem
is referred to as ground state solution of equation . Concerning existence of
ground states, we have the following theorems.

Theorem 2.4. Suppose m > 0 is sufficiently large, then

(a) If0 < N < N}, there exists at least one minimizer for (2.8), i.e., (1.6) has
at least a ground state solution;
(b) If N > N}, no minimizer exists for (2.8)), i.e., there is no solution for

equation (|1.6).
Theorem 2.5. Suppose m > 0 is sufficiently large, N = N and

1—e#zl _2m
liminf ——— > —.
lz|»0 47|z Nz
Then there exists at least one minimizer for (2.8)). Hence (1.6|) has at least a ground
state solution at the critical stellar mass N = N;.

Theorems and imply that the existence of minimizer depends greatly on
m and N. In particular, Theorem shows that the existence of minimizer may
occur at the critical stellar mass N = N;. On the other hand, we address orbital
stability of travelling solitary waves

Y(x,t) = ™, (x — vt), (2.9)
where ¢, € H'/?(R3) is a ground state solution for equation (T.6)).

Theorem 2.6. Suppose m > 0 is sufficiently large.
(a) If0 < N < N7, or
N - —_e—nlal
(b) If N = N; and liminfj, o S50 > 32
Let G, n denote the corresponding set of ground states, i.e.,

Gon = {py € H/?(R®) : I,(N) = Ey(,), N(pv) = N},

which is non-empty by Theorems and [2.5
Then the travelling solitary waves given in (2.9)), with ¢, € G, n are stable in

the following sense. For every e > 0, there exists 6 > 0 such that

L 00 el < Gl 8 0 ey <
Here (x,t) denotes the solution of equation (L.3)) with initial condition io(z) €
HY2(R3).
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3. PROOF OF THEOREM [2.4]

To reach this end we use the concentration-compactness lemma and variational
arguments.

Lemma 3.1. Suppose m > 0 is sufficiently large. Then

Bul) 2 5(1 = 32 (V=B +iv- V)gn) = gl (3.1)

for all p, € H'2(R?) with N'(p,) = N, where N} is defined by definition .
Moreover, we have I,(N) > —smN for 0 < N < N}, and I,(N) = —oo for
N > N:.

1
2

Proof. Since m > 0 is sufficiently large, we have the operator inequality

V-A+m?2>+V-A. (3.2)
By (2.5) and (3.2)), we have

) 1 e—Hlzl
25,(p1) = (o (VB +iv-V)en) =5 [ (Grr Pl e = m¥

. 1 1
> (o (VB +i0- V) = 5 [ (<l ligufda —mi.

From Lemma [2.2] we have

2By (pv) 2 (po, (\/I+ iv - V)py) — %N<S0va (\/I+ iv - V)py) —mN

=(1- %N)m, (V=A+iv-V)p,) —mN
= (1= ) (V=B +i0- V)p,) —m.

v

Hence, inequality (3.1) is proved. Furthermore, that I,,(N) > —%mN for N < N7
is a consequence of (3.1). To see that I,(N) = —oco when N > N;. Indeed, we
define a L?-norm preserving rescalings

Qi (x) = a*2Q, (ax),

with @ > 0, @, () is defined by . By Lemma and , we have
1
Ey(@y(2)) < 5(Qu(2), (V-4 +iv- V)Qy(2))
—plx|
-1 LGy Q@RI @)

47 ||

= %(Qv(x), (V=A +iv-V)Q,(z))

- [ PP
= 2 ] P

- [ PP
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Na N 1 ) )
= =50 [ 1 @) s

N 1 — e M3l
+ Ny R3( 47 ||

v

*1Qu(2)|?)|Qu (z)[dx].
Hence, when a — oo , we find that
I,(N) < E,(Q;(x))
Na N 1
< A L 2 2 _
< 0= 5 [ (G # 10 @) DIQu )i+ 0(1)] = —oe.
for N > N}. Therefore, I,(N) = —oo when N > N. O

Remark 3.2. By Lemma we deduce that any minimizing sequence for (2.8)) is
bounded in H'/?(R?) whenever 0 < N < N;*. Indeed, we note that v/—A+iv-V >
(1 —|v])v/—A holds. Hence, we see that sup,, (@y.n, V—A¢, n) < C < oo thanks to

D).

Lemma 3.3. Suppose m > 0 is sufficiently large. Then we have
1
I,(N) < —5(1 — V1 —v2)mN + I}(N), (3.3)
and I1(N) < 0, where

I (N) = inf{E}(¢y) : @, € HI(RS),/RS lpo|?dz = N}, (3.4)
V1—12 1 il

El(p,) = ——— o|%d —7/ o) oo d. 3.5

L (90) T /RSIWDI T 4R3(4W|x|*ls@|)|<p| T (3.5)

Proof. We select an spherically symmetric function, p(z) € H'(R?) with

[ Inta)ds = .
]Rl}

and we introduce the one-parameter family p,(z) = e®l*1?p(z) with b > 0. Here
and in what follows, we assume that v is parallel to the z-axis. One checks that

i bv?

— . =——N.

5 (pv: (V- V)pp) 5
Hence, we obtain

1 1 1
E,(pp) < @(62112]\7 +(p, —Ap) + (m* + b°N)) — §mN - §v2bN

1 1
—_ —u\w\ 2 2d
4/]1@3(7477@\6 * |p|7) |l d.

Let b = \/%, we have

Eu(p) < 51~ VI—o)mN + E}(p)

On the other hand, we define p. = ¢3/2p(cz),c > 0 with [gs |pe(2)[?dz = N, then
we have

A1 —0? c 1 e
B = S / (Vpar - ¢ / (e o) lpld.

4r|z|
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Hence, we can choose ¢ = 1 and p; > 0 is a suitable test function. Then we have
El(p1) < 0, when m > 0 is sufficiently large. So, we have Il(N) < El(p;) < 0,
and the proof is complete. O

Proof of Theorem[2 (1) Let {¢u n(z)} be a minimizing sequence for (2.8). By

Remark we obtain that {¢, ,(2)} is a bounded sequence in H'/?(R?). Now,

we apply concentration-compactness lemma [I3], and conclude that a suitable sub-

sequence {@y n, (z)} satisfies “vanishing”, “dichotomy” or “compactness”.
Suppose that {¢, n, (z)} satisfies “vanishing”. Then we conclude that

k—o0

. e_ﬂ|x| ) ,
lim AB(M * |90v,nk- (-T)l )|@v,nk($ﬁ’)| dr = 0.

Hence, we have I,,(N) > —1(1 — v/1 —v?)mN, which is contradicts (3.3). Hence,
“vanishing” can not occur.
Suppose that {¢y, ,, ()} satisfies “dichotomy”, we have

I,(N) > L,(r) + I,(N —r) for0O<r<Nand0<N <N,. (3.6)
By Lemma and the same method as employed in [4, Lemma 2.3], we have
I,(N) < L(r)+ I,(N—r) for0<r<Nand0< N < N,. (3.7

So, inequality contradicts the strict subadditivity condition , and “di-
chotomy” can not occur.

By the discussion so far, we conclude that there exists a subsequence {@y ., ()}
and {yx} C R3 such that the subsequence @, , = @y, (- + yi) satisfies

Pun — @y strongly in HI/Q(R3) ask — oo

and

67;4|:1:\ ) ) efp,\x| ) )
% |Gyl )Py ndr — ——— x|y |?) |0 |Pdx, as k — o0,

for some ¢, € H'/?(R®). We therefore conclude that [g [¢,|*dz = N and I,(N) =
E,(p,) by the weak lower semicontinuity. This implies that (1) of Theorem
holds.

(2) Clearly, there is no minimizer if N > NJ*. Since in this case, we have

I,(N) = —oco by Lemma 3.1} O

4. CRITICAL STELLAR MASS

In this section, we prove the existence of minimizers for (2.8) at N = N;. We
consider the manifold

M ={p,: o, € HY/*(R?) and / lo|?dz = N big},
R3

and define the metric

d(<pv7¢) = ||90’U - ¢HH1/2(1R3)7(PU7¢ €EM.

So that (M, d) is a complete metric space. For the minimizing problem

L,(Ny) = inf{E,(p,) : o € H2(R?), N () = NJ}.
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By Ekeland variational principle [I8], we obtain that there exists a minimizing
sequence {, »(x)} of I,(N;}) such that

* * 1
I'U(NU) < E’u(@v,n) < IU(N'[)) + ﬁva (41)
1
E,(¢) > Ey(pn) — EH%)’” — ¢llg1/2(msy, for any ¢ € M. (4.2)
By applying (4.1)) and (4.2)), we shall prove that
{@v.n(x)} is uniformly bounded in M. (4.3)

Indeed, if holds, by using the same arguments of (1) in the proof of Theorem
we obtain the existence of minimizers for (2.8]) at critical stellar mass N = N\.

In the rest of this section we derive claim On the contrary, suppose is
false, then there exists a subsequence {¢y n, ()}, such that ||y n, (%)|| g1/2(rsy — 00
as n — 0o, and we shall finally derive a contradiction.

Lemma 4.1. Suppose m > 0 is sufficiently large, and we define

() = X200 (An), () = Tln (2 +ya,), (4.4)
€7N‘1|
M= (o= *|@un]D)|@on?dz. 4.5
o= [ Gar e Plennlda (45)
Then there exist positive constants R and C satisfying
lim inf / 1 (2)|?dz > C > 0. (4.6)
An—0 Br(0)

Proof. From ({.1)and (4.2)), we have
1

) 1 ekl
0< 5o (VB +iv- Dpund = [ (ot louallennlde
rs  Am|z] (4.7)
Hence, we have
1
(o V=A+1iv-V)py,) — 00, asn— oo, (4.8)

2

1 e~ Hlzl ) ) 11

- on on| dr < I,(NJ)+ — + —mN, — oo, 51— 00.

1 LGy # oo Pl e < LV 4 5 4 g o0, asn— o
(4.9)

From the definition of A, ! in (&.5)), we have A, — 0 as n — co. By (£.7), it follows
from that there exists a constant K > 0 independent of n such that
1

0< K\, ' < 5(90%”, (V=A+iv-V)pyn)
1
2

(4.10)

1
SE)\nfl—l—Iv(N;)—k mNy, asn— oo.

Using (4.5) and (4.10)), we have

e~HlAnzl - 2 — ) e—Hlzl ) 2, )
LG @R = x| (el fde =1,
(4.11)
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1

Zm). (4.12)

1 1

Claim: There exists a sequence {y, } and positive constant R and C' such that

liminf/ |1 |2dz > C > 0.
An=0 JBr(ys,)

Indeed, suppose that is false. A proof similar to [4, Lemma A.2] then gives that
€_H|)\nx‘ 9 9
/RS(TIII i 7 (2)]2)|7in ()P — 0, a5 n = 00,

which contradicts (4.11)). Hence, the claim holds, and (4.6 is proved. O

Lemma 4.2. Suppose m > 0 is sufficiently large, and n,, € H'/2(R?) be defined by
[@.4). Then we have n,, — no strongly in LP(R3) for all p € [2,3), where ng satisfies
the nonlinear equation

(V=B +iv- Vmo(a) + 5zm0(e) — (

] * [m0()[*)|mo(x)| = 0,0nR?.  (4.13)
Proof. For any u(z) € C°(R?), we define

1 x— Ay, , 1 _ N
u 43})\” )a J(a7 U) =3 / |<pv,n + a‘pv,n + 0"LL|2d$ - .
An 2 Jgs 2

Then the function j(a, o) satisfies

. _ 8.7(070) _/ 2 _ * 8J(Oa0) _/ ~
4(0,0) =0, o s [pun|"dr = Ny, oo s Punl(T)dz.

Using the implicit function theorem in [I8], we obtain that there exist ¢ > 0 and a
function a (o) € C*((—c,¢),R), where |o| > 0 is sufficiently small, such that
1
a(0) =0,a'(0) = — / Yonti(z)dr and j(a(o),0) =0.
Ny Jrs ™
Therefore, ¢y, + (0)pyn + ot € M, where o € (—c, ¢). From (4.3]), we have

Eu(fon + a(0)pun +00) = Bo(pun) >~ |a(0)pon + 0l s, (414)
and so we have
(B (P @ O)pun + B < o Opun + il e (415)
On the other hand,

%( (Pon), W) = /RS u(y/—A+ m2\,? — mAp ), (x)dx +/ u(z)i(v - V)n,(z)dx

e~ HlAnz] -
- [ o @ P m @)

4|z
(4.16)
By setting ftn, = (E.(puv.n), Pu,n), combining (4.14]), (4.15)) and (4.16]), we have
e~ kx|
| An + 1] = |pnAn + )\n/ (—— *|@on|®)|@onl?dr| =0, asn — oo,
R3 47T‘SL'|

0/ (0)pon + @l grirzmsy < CAY?, (4.17)
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a’'(0) = —])\\;: /]RS N (z)u(x)dz.

v
Thus, estimates (4.15)—(4.17)), yield

| R3 u(y/—A+ m2X,? = mA, )i (z)de + /Rg w(z)i(v - V)nn(z)dz

e~ M Anx]
_#Xf? /RS M (@) u(z)de — /R?’(i |0 (2)[2) 70 () u(z) dz]| (4.18)

47 |z|

N2
-
From this equality and Lemma we have that 7, — 79 # 0 in H'/?(R3) and

= [{E(¢o,n), @) + pnd (0)] = (B} (Pv.n), o' (0)pv.n + @)| <

0< / [no|?dx < liminf/ [ |?dx = N (4.19)
R3 Ap—>00 R3

On the other hand, by the Pohozaev identity [I7], we derive from (4.13) that
1 5 . 1 1 2

dr = —-A : de = dx.
i [ mbde = [ m(/ R o Dmade = 5 [ (el (o) da
Furthermore, this and (2.7)) imply that
fRs no( \/74-“1 V)no(x)dz [os [noPde 1 2

=3 |no|“d.

2 Jeo (i * Imol) ) o)
This and (??) indicate that 1, — 1y strongly in LP(R3) for all p € [2,3). In view
of the H'/2(R?) boundness, the proof is complete. O

Proof of Theorem[2.5. By Lemma we have

o 1 — e n=l 2 2
hmlnf/]Rg(i * |pp,n (2) %) |@o,n (@) "dx

n—00 4z

n—oo

1— Az
= timint [ (e @) o) s

L. 1—e HlAne] 2 2
> / hmmam* 10 (2)2) |1 () 2

3 N—00

By (2.7), we have
I,(N}) = liminf E,(py.n)

n—oo

1 1
= _imNi + linrggf{i@ov,m (V=A+1iv-V)pyn)

1 1 9 9

- ) v,n v,n d
4/R3<M|m| (@) ) o () Pl

(pv'ru V_A+m2 \/_ASD'Un>
1 1 — e~ Hlxl
47 [ o * Won@Plpun @) Pda)
R3

4r|z|
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% |@v.n () ?) [@vn (2)Pdz > 0,

which contradicts Lemma This verifies that (4.3) holds, and the proof is com-
plete. O

1 1 1 — e Hl7l
> ——mN*+ -liminf [ (———
= N+ gliminf | (s

5. ORBITAL STABILITY

In this section, we prove the orbital stability of travelling solitary wave by a
general idea which is introduced by [11 [2].

Proof of Theorem[2.6. (1) We choose § > 0 sufficiently small such that

%é%fv)N |Yo(x) — g@v(x)||H1/2(R3) < 6.

By Lemma we have that the corresponding solution (t) exists for all times
t>0with 0 < N < N;.

Now, argue by contradiction, we assume that orbital stability does not hold.
Then this means that there exist g > 0, a sequence of initial value {¢,(0)} €
H'Y?(R?) and {t,} € R with

inf |4 (0) = @ollg1/2gs) = 0 asn— oo, (5.1)
Yo EGy N

and some £ > 0 such that

inf ||1/)n(tn) - <PU||H1/2(R3) >eg9, asn >0, (52)
Yu€Gy, N

where {1, (t,)} denotes the solution to equation (1.3) with initial datum {,,(0)}.
Note that (5.1) implies that N (¢,(0)) — N as n — co. Since 0 < N < N;, we
can assume that N (1, (0)) < N holds for all n > 0, which guarantees that {t¢,(¢)}
exists globally in time. Define
= (tn)inH'/2(R).
By conservation of N(w(t)) and E,(1(t)), we have
li_>m E,(ay)=1,(N) and lim M(a,)=N.

n—oo

Next, we consider the rescaled sequence

Opn = Gp0,, Where a, =

N(aw)’
Using Remark [3.2] we deduce that
lan — anllgizmsy < C[1—a,| =0, asn— oo.
By continuity of E,(p,), we deduce that
lim E,(a,) = I,(N), nll_{r;o./\/'(&;) =N, foralln>0.

n—oo
Therefore, {as,} is a minimizing sequence for (2.8]), and we have a contradiction.
(2) By Theorem the solution (t) of equation (|1.3) is a global solution in
H'?(R3), when N = N} and lim inf |, 1*4;7_‘:““ > ?V”UZ In a similar way, this
completes the proof of Theorem O
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