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EXISTENCE OF SOLUTIONS FOR DEGENERATE KIRCHHOFF
TYPE PROBLEMS WITH FRACTIONAL p-LAPLACIAN

NEMAT NYAMORADI, LAHIB IBRAHIM ZAIDAN

Commumnicated by Paul H. Rabinowitz

ABSTRACT. In this article, by using the Fountain theorem and Mountain pass
theorem in critical point theory without Palais-Smale (PS) condition, we show
the existence and multiplicity of solutions to the degenerate Kirchhoff type
problem with the fractional p-Laplacian

|u(@) —u(y)” _ .
a+b//]RzN x—y\N+Ps dx dy)(—A);u—f(x,u) in Q,
u=0 inRV\Q,
where (—A)7 is the fractional p-Laplace operator with 0 < s <1 < p < oo,

Q is a smooth bounded domain of RV, N > 2s, a,b > 0 are constants and
f:Q xR — Ris a continuous function.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The aim of this article is to establish the existence of solutions to the Kirchhoff
nonlocal problem

(a + b/RZN W dx dy)(fA)Zu = f(z,u) in 9,

(1.1)
u=0 inRY\Q,

where  is an open bounded subset of RY with Lipschitz boundary, N > 2s with

€ (0,1), a,b > 0 are constants, f : 2 xR — R is a continuous function and (-A);

is the fractional p-Laplacian operator which, up to normalization factors, may be
defined as

AV () = 2 lim [u(z) — u(y)[P—*(u(z) — u(y))
(=A)pu(z) =2 lim, RN\ B, (z) |z — y[NHps a

for x € RN, where B.(z) := {y € RY : |z — y| < ¢}. As for some recent results on
the fractional p-Laplacian, we refer to for example [22] 2], 24] and the references
therein.
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When a =1, b = 0 and p = 2, problem becomes the fractional Laplacian

problem

(=A)Yu = f(z,u) in Q,

u=0 inRY\Q.

For the basic properties of fractional Sobolev spaces and the functional framework
that takes into account the problem , we refer the readers to [36]. In [37, [38],
Servadei and Valdinoci considered the existence of nontrivial weak solutions of the
problem by using variational methods. For other recent results in , the
reader is referred, for example, to [4] [39] [40].

Fractional and nonlocal operators and on their applications is very interesting,
we refer the readers to [5] [13] [15], 18] 19, 25| 26l 27, 28|, B0, B2 33, 35, [47] and the
references therein. For the basic properties of fractional Sobolev spaces, we refer
the readers to [12, 27]. In [30], Molica Bisci and Vilasi studied a class of Kirchhoff
nonlocal fractional equation in a bounded domain €2 and obtained three solutions
by using three critical point theorem. Pucci and Saldi [32] established the existence
and multiplicity of nontrivial solutions for a Kirchhoff type eigenvalue problem in
R¥ involving a critical nonlinearity and the nonlocal fractional Laplacian. We refer
also to [16], 17, 27, 29] for related problems.

Notice that when ¢ = 1 and b = 0, as s — 17, problem reduces to the
problem

(1.2)

—Apu= f(z,u) inQ, (1.3)

where Q C RV is a smooth domain.
For the case of a bounded domain, there are several articles considering the
system

—(a+b/|Vu|p)Apu:g(x,u) in Q
Q

where Q C R¥ is a smooth domain, which is related to the stationary analogue of
the Kirchhoff equation

Upy — <a+ b/ |Vu|p)Apu = g(z,u),
Q

which was proposed by Kirchhoff [23] as an extension of the classical D’Alembert’s
wave equation for free vibrations of elastic string. In recent years, many authors
are interesting in Kirchhoff type problems, see for example [2 [3] [, @ 10, 1T, 33
[42] [43] [44] [45] [46] and references therein.

Motivated by the above works and [7, B1], 86}, 87, B8], 1], we study the existence
and multiplicity of solutions for Kirchhoff type problem .

Before proving our main results, some preliminary material on function spaces
and norms is needed. In the following, we briefly recall the definition of the
functional space X, introduced in [36], and we give some notation. We denote
Q =R\ O, where O = RV \ Q x RY \ . We denote

— fy . RN , |u(z) — u(y)|”

where u|q represents the restriction to € of function u(x). Also, we define the
following linear subspace of X,

on{geX:g:Oa.e. inRN\Q}.
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The linear space X is endowed with the norm
|u(z) — u(y)|” L/p
|lul|x = HU||L2(Q) + (/ 0 o — [N rs dx dy) .

It is easily seen that || - || x is a norm on X and C§°(2) C Xy (see [45, Lemma 2.1]).
Also, we know that Xy, endowed with the norm

[v(z) = v(y)” L/p
vl x, = (/ o=y dmdy) for all v € X, (1.4)

is a uniformly convex Banach space and a reflexive Banach space [45, Remark 2.1
and Lemma 2.4].
We consider the nonlinear eigenvalue problem

Jull%, (=A)u = Mu[*P~2y  in 9,

1.5
u=0 inRY\Q, (1:5)
whose eigenvalues are the critical values of the functional
Ip(u) = ||u\|§§’0, ueM= {u € Xo: / |ul? dx = 1}. (1.6)
Q

We know that the first eigenvalue Ay := inf,c aq Jp(u) > 0. The first eigenfunction
is denoted by ¢ (see [44] for the case 6 = 2).

We denote the usual L?(Q)-norm by | - ||,. Since € is a bounded domain, it is
well known that Xy — LP(Q) continuously for p € [1,p%], (see [45, Lemma 2.3])
and compactly for ¢ € [1,p*), where p¥ := Nj\i b rh Moreover there exists C; > 0
such that

lullg < Cqllullx,,  u € Xo. (1.7)

We consider the functional J : Xy — R defined by

a b
J(u) = EIIUHQO + %IIU\@Z - /Q F(z,u(z)) dx (1.8)
and set

U(u) = /QF(:C,u(x)) dz,

where F(x,u) = fou f(z,s)dz. Obviously, the functional J is well-defined, it is of
class C*(Xp,R) and

(J'(w),v)
= (a+bllull%,) //Q )~ Clul) = ) (v(z) — v(y)) dz dy

|y|N+ps

(1.9)

- / flz,u(z))v(x)dr, for all u,v € X,
Q

Moreover, the critical points of J are the solutions of problem (1.1)). Let

Ej = ®igjker((—A), — wi),
where 0 < p11 < g < ..., < ..., are the eigenvalue of ((—A);, Xo) (see [22, 24]
20]).

Definition 1.1. We say that J satisfies the Palais-Smale (PS) condition if any
sequence (uy) € X for which J(u,) is bounded and J'(u,) — 0 as n — oo possesses
a convergent subsequence.
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Also, we need the following definition, which is a weak version of the (PS) con-
dition, due by Cerami [6].
Definition 1.2. Let J € C'(X,R), we say that J satisfies the Cerami condition
at the level ¢ € R ((Ce), for short), if any sequence (u,) € X with
J(un) — e, (14 |lunl))J (un) — 0 asn— oo,
possesses a convergent subsequence in X; J satisfies the (Ce) condition if J satisfies

the (Ce), for all ¢ € R.

The assumptions on the function f are stated as follows:
(A1) There exists a positive constant C' > 0 such that |f(z,t))] < C(|t|"! + 1),
for some 2p < r <pi, x € Qand all t € R;
(A2) limp o (%f(x,t)t — F(z,t) + %tp) = +o0 uniformly in z € €;
(A3) there exists p > p1 such that F(z,t) > £t for [t| small;
(Ad) limp oo (G%tp + %t% — F(x,t)) = +oo uniformly in z € Q.
Now we state our main results.
Theorem 1.3. Assume that f € C(Q2 x R,R), (A1)—(A4) hold. Then (1.1 has at
least one nontrivial solution.
In the next theorem we use the assumptions:
(A5) limp oo F‘t(lzp) — oo uniformly in = € 2, and there exists L; > 0 such that
F(z,t) > 0 for all (z,t) € Q@ x R and |t| > Ly;
(A6) there exists 6 > 0 such that

1
F(xz,t) < 2—f(x,t)t+ Oolt?, V(z,t) € Q2 xR;
p

(A7) f(x,—t) = —f(z,t) for all (z,t) € Q xR;
Theorem 1.4. Assume that (A1), (A5)—(A7) are satisfied. Then problem

possesses infinitely many nontrivial solutions {uy} such that J(uy) — +oo.

Now, we study the existence of infinitely many solutions of the following problem,
which it is a special case of problem (|1.1)),

(svp [ 2=l

ren |z — y[NHPs o dy)( Alpu
= g(z,u(z)) + H(z)|u|2u in Q,
u=0 inRY\Q.

(1.10)

with the following conditions:

(A8) There exists a positive constant Cg such that |G(x,t)| < Cg(|t|r 1+1) for

some 2p < r < p*, x € Q and all ¢ € R, where G(z,t) = fo f(x,s)ds;

(A9) limp—oo ( g(z,t)t — G(z,t) + aplt|” + m|t|?) = +oo uniformly in x €
where o < (5 — R)m’ 1< q<p<p*, rog>2pand m is a arbitrary positive
constant;

(A10) G(z, )>0f0rallerte]R

(A11) the functlon H is a nonnegative and satisfies 0 < m < H < M;

(A12) 11m|t|ﬁ0 ‘t(lp glet) — 0, uniformly in z € €;

(A13) G(x,0) =0 for all z € Q and G(z, —t) = G(z,t), for all z € Q, t € R.
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Theorem 1.5. Assume that g € C(AxR,R), H € C(Q,R), and (A8)—(A13) hold.
Then problem (1.10) has a sequence of solutions {uy} such that I(ug) — +oo.

The proofs of the our main results are fully based on some theorems that we
recalled here for the reader’s convenience.

Theorem 1.6 (Mountain Pass Theorem [I] [14]). Let X be a real Banach space
and J € CY(X,R) satisfying the (Ce) condition. Suppose J(0) =0,
(i) there are constants p, 3 > 0 such that J|sp, > 3 where
B, ={ue X: |u] <p};
(ii) there is u; € X and |Jui|| > p such that J(u1) < 0.
Then J possesses a critical value ¢ > 3. Moreover ¢ can be characterized as

— inf Jw), T={gecC(0,1]): g(0) =0, g(1) =u;}.
¢=inf max (u) {g € C([0,1]) = g(0) g(1) = w1}

Theorem 1.7 ([34]). Let X be an infinite dimensional Banach space, X =Y & Z,
where Y is finite dimensional. If J € CY(X,R) satisfies (Ce).-condition for all
c>0, and

(i) J(0) =0, J(—u) = J(u) for allu € X;

(ii) there exist constants p,a > 0 such that J|op, > a;

(iii) for any finite dimensional subspace X C X, there is R = R()Z') > 0 such

that J(u) <0 on X \ B,;
then J possesses an unbounded sequence of critical values.
Theorem 1.8 (Fountain theorem). Let X be a Banach space with the norm || - ||
let X; be a sequence of subspace of X with dimX; < oo for each i € N. Further,
set
X=X, Yi=0_,Xi Zi=0Z.X;

Consider an even functional ® € C*(X,R). Assume that for each k € N, there
exists pr > vr > 0 such that

(1) ap == maxyey, fluf=p. P(u) <0,

(2) by == inquZk,HuH:‘Yk (I>(u) — 400, k — +o0,

(3) ® satisfies the (PS). condition for every ¢ > 0.
Then ¢ has an unbounded sequence of critical values.

Now, we need the following lemma about the (Ce) condition which will play an
important role in the proof of our main results.

Lemma 1.9. Assume that (Al) and (A2) hold. Then the functional J : X9 — R
satisfies the (Ce) condition.
Proof. Let {uy} be a (Ce). sequence for ¢ € R,

J(up) — ¢, (14 |lunllxy) S (un) — 0 asn — oco. (1.11)

We first show that {u,} is a bounded sequence. In view of (1.8]), (1.9) and (1.11)),
one has
1
1+ce>J(uy) — ?J'(un)un
. P . (1.12)
= gttt + [ (5o un @) n() = Fi,un(0))) do
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From (A2), there exists § > 0 such that
1 apy
—0< — )t — F(x,t)+ —t)’, VeeQ, teR. 1.13
< gpf@ 0t = Flz,t) + 5", VeeQ te (1.13)
Now, We define u,, = ¢, + v,, where ¢,, € Ey and v,, € Fj-. By (1.12)) and (T.13),

we have

a a
e ooflunl, - o lunllZ,

1

—|—/(—fm7unx U, () — F(x,u, —l—— U, p)dm 1.14
92p< (@) nl) = Flauaa) + G un()?)) do (119

> LY n —0)9,

= (1= 2 i, — 0l
which implies that ||vnH x, is bounded. Now, we assume that {u,} is unbounded
sequence, so there is a subsequence {u,, } (to simplify the notation) of {u,, } satisfying
lunllx, — +00 as n — +o0o0. Hence we have Hvi" — 0 € Xo. Since 55— is

Un || un”XO
bounded in finite dimensional E;, one can get W — w in F;. Using
w,, = Un _ Pn + Un _ Pn + Un —w,
lunllxo  llunllxe  lunllxe — llunllx,
in Fy, yields
Un () — w(z) ae. in . (1.15)
[[un [l

So, by this fact ||w]|x, = 1 (we know that ||wy,|x, = 1), w € E; and (L.15)), we
have

|un(z)| = +00  as n — +oo. (1.16)
In view of (A2), (T.14), and Fatou’s lemma, one has

14+c¢> J(up) — %J’(un)un
a » 1
= gttt + [ (5o @) un@) = o (2)) do

> [ (G wunl@ne) = Flon(o) + L))

(1.17)

— +00 as n — +00,

which is a contradiction. Then we get that {u, } is bounded in Xy. By (A1), we can
easily obtain that {u,} has a convergence subsequence. Therefore, the functional
J satisfies the (Ce) condition. O

Proof of Theorem[I.3. By Lemma we know that the functional J : Xy — R
satisfies the (Ce) condition. Hence, it is sufficient to show that J satisfies (i) and
(ii) of Theorem

First, we claim that there are constant 3,p > 0 such that J(u) > g for all
llullx, = p- By (Al) and (A4), we can get

b()\l — 6)
2p

F(z,t) < ¥4 |t|p T It + CJ¢", (1.18)

for all € small enough, t € R and 2 € Q. Then, from (1.6))-(1.8]) and (1.18)), we have
e b 2p
=¢ 2 | F d
I = 2l + o %, ~ [ Flou(e) do



EJDE-2017/115 DEGENERATE KIRCHHOFF TYPE PROBLEMS 7

@y p b 2p QM1 (
> Cllull, + o llull, — = =llullz, 24 ull s, ~ C/ u(@)[" d

b £ 2 IS
> o (1 =5 ) Il - ccrnuuxo.

Since 2p < r < p* then for £ small enough, there exists 5 > 0 such that J(u) >
for all ||u|lx, = p, where p > 0 small enough.

Next, we will show that there exists u1 € Xo and ||uy | x, > p such that J(u1) <
0. By the definition of Ay, for small enough € > 0, we can choose u € M satisfying

13
Mt Szl (1.19)

Also, in view of (A1) and (A3) that
b(/\l + 8)

F(x,t) >
(@.0) > 2

So, From ([1.19) and (1.20)), one can get
b
J(tu) = 207l B, + 27 ul 3, — / F(z, tu(z)) dz
p 2p Q

t?r — C. (1.20)

a b b
< ?”HUHZ)}O + @tzpﬂuﬂi?o - %t%()\l +¢e)+ClQ
< gt”Hqu b Dy, 4 22 be £2p _ £t2p(>\1 o)+ 0
~p Xo T 2p 2p 22! 2p

a be
- e Tol}
S ulk, — 5gt + Ol

Then, J(tu) — —oo as t — oco. Therefore, there exists u; € Xo and ||u1]|x, > p
such that J(uq) < 0. O

To prove of Theorem we need the following lemmas.

Lemma 1.10. Assume that (Al), (A6) and (A7) hold. Then the functional J :
Xo — R satisfies the (Ce) condition.

Proof. Let {u,} C X is a (Ce). sequence for ¢ € R,
J(up) — ¢, (14 |lunllx,)J (un) — 0 as n — oco. (1.21)
We first claim that {u,} is a bounded sequence. Suppose to the contrary that
ltn || x, — 00. We consider w,, := Tanle? then ||wy,||x, = 1. Going if necessary to

a subsequence, we may assume that
wy, — w, weakly in X,

wyp — w, strongly in LY(Q) 1 < ¢ < pk) (1.22)

wy, — w, a.e. x €.

There are only two cases need to be consider: w = 0 or w # 0. We firs consider the
case w = 0. By (A6) and (1.21)), one obtains

1 1
a7 C0) = 357 )

>4 #/ ( L (2 (2)un () — F(aaun(x)))da;

T2 uallk, 2p
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> ——90/ |wy, |Pdx,

which implies 0 > a/(2p). This is a contradiction.

If w # 0, setting @y := {z € Q : w(z) # 0}, obviously |Q;] > 0 where [Q,] is
Lebesgue measure of ;. For z € 4, we have |u,(z)] — oo as n — oo. In view of
(A5), one has

lim F(z,u,(x))

2p
n—oo  |uy,(z)[2P |wn (z)[*F — oo.

So, using Fatou’s Lemma, we can get

[ P e
hm/Q lwn (z)[2Pd . (1.23)

n=oe Jo o fun(2)[?
From (A1), it follows that
|F(z,t)| < M|t|, VYxe, |t| < L.
Combining this with (A5), we obtain
F(z,t) > —MJt|, VY(z,t) e QxR
So, by , we obtain

F(z,up,) Mfﬂ\m |t |dez M|unly MC,y
2p dr = — 2p Z - 2p Z - 2p—1°
0 [lun(2)lly, [un (@)X, [[un (@)X, [[un (@)X,
which implies
F r
liminf/ (‘”7“2)10 da > 0, (1.24)
nee Jovan [lua (@),

Using (1.21)), (1.23)) and (1.24)), we obtain

0= tim <o)y, Il)

= flun (@)X, o [fun (e )II

= lim é( el + golunl®, = | P (@) do)

n=0 ||y (2) 1%,

—imé buzp— z,uy(x)) dx
= Jim s (ol + gl = [ P

o flug, of

- /\ P, uy(2)) de ) (1.25)

IN

F
bty [ P
2p  n=oo pllun(@)l, oo oy (un (@)

F
—liminf/ Lu”gpdaﬂ
n=o Javey [lun(2)]Y,

b F n
§——lim/ Lugpdx:—oq
2p oo oy flun (@)Y

which is a contradiction. Then we {u,} is bounded in Xy. By (Al), we can
easily obtain that {u,} has a convergence subsequence. Therefore, the functional
J satisfies the (Ce) condition. O
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Proof of Theorem[I]. Let {e;} is an orthonormal basis of X and define X; = Re;,
Vi=0%_\X;, Zn=03,,X;, kel

and Y} is finite-dimensional. Set X = X, Y =Y}, and Z = Z;,. Clearly, J(0) =0
and (A7) implies J is even and from Lemma J satisfies the (Ce) condition.
conditions (i) of Theorem [1.7|is satisfied. So, we only need to verify (ii) and (ii) of
Theorem [L7l Set

)= s Jull (1.26)

UEZk, ||lull xo=1

By a direct calculation, we have 0 — 0 as k — oo for all 1 <r < p¥. choose
. a fe= ar =
P i { (4p0ﬂk(1)) ’ (@Cﬁ;@»)) }
Then, by (A1) and (1.26), for u € Z; and ||u]x, = p, we have

a b
Juzfup—i——u%—/Fx,ux dx
(u) pH %, 2pH 1%, Q( (z))

a C
> ;HU‘HXO = Cllully = —lull7

a C -
> I;HUIIQO = CBe(D)|ullx, — ;f)";i(?")llltl\x0
> ipp =a > 0.

2p

Thus condition (ii) of Theorem is satisfied.
Since all norms are equivalent in a finite dimensional space, there is a constant
T > 0 such that
ull2p = Tlullx,, VueY. (1.27)

In view of (A5), for any M; > Qp%’

F(x,t) > Mit??, Vax € Q, |t| >Ty.

there is a constant I'g > 0 such that

By (A1), we have
|F(z,t)| < C(L+T5 Y], YeeQ, |t| <Ty,

which implies

F(x,t) > Mit?? — C'|t|, V(x,t) € Q xR, (1.28)
where C’ is a positive constant. Hence from (L.7)), (1.27) and (1.28)), one can get
a b 2 2
J(u) < 5||u||§(0 + %IIUH;?U = My|lull3, + C'llully
a b 2
< 5||u||§(0 - (M — %)HUII)?O +C'Cllulx,, Vuey.

Consequently, there is a large R = R(X) > 0 such that J(u) <0on Y \ B,. Thus
the condition (iii) of Theorem|[L.7]is satisfied. Then all conditions of Theorem|[L.7]are
satisfied. Therefore, problem ([1.1)) possesses infinitely many nontrivial solutions.

|

To proof Theorem wee need the following lemmas.

Lemma 1.11. Assume that (A8)-(A10) hold. Then the functional J : Xo — R
satisfies the (PS)c. condition.
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Proof. Assume that {u,} C Xy such that
J(up) — ¢ and J'(u,) — 0 in X{.

So we first prove that {u,} is bounded in Xj.
By (A9), there exists 6y such that

1
—g(z, t)t — G(x,t) + ap|t|” + m|t|T > —0. (1.29)
o

So, by (L.8), (1.9) and (1.29), we have

CH+1>Juy,) — %(J'(un),un>

= a(% - i)Huan + b(— - —)|| n|| / [Tlog(m,un) - G(z,up,)] d
1 P
> (- >Hu|+w«———mnmﬁ—wlﬂw|m

— m/ [un|? dz — 00|92
Q

1 1 P 1 1 9

= - - n b(—— — n G np_ nq_eQ

0 = Yl + (55— ) uall%, — aelfunl} — miju [ - )

1 1 Y P 1 1 2p q

> a(; = D) ually, + bl ) ¥, — mClfun, — ol
1 1

= a(; - 1)Ilunllé}o — mC{lun%, — 6ol

This implies

(= = L), < C+ 1+ mClfunl, + 6ol
ap o m Un|x, < mC{ |lun | %, 0|€2].

Since 1 < ¢ < p < p* and ¢ < (% - %),ul, it follows that {u,} in Xy is bounded.
By condition (A8), we can easily obtain that {u, } has a convergence subsequence.
Therefore, J satisfies the (PS). condition. O

Proof of Theorem[I.5. From Lemmall.11} conditions (3) of Theoremis satisfied.
So, we only need to verify (1) and (2) of Theorem By (A10) and (A11), we
can get

a

1 T
I = Sully, + g%, = [ Gewdo— = [ Hulgas
p 70 Jw

a 1
< —lull, + %HUII;?O = —mlulli,

since 79 > 2p and all norms are equivalent on a finite dimensional space, there
exists large pr > 0 such that

= max J(u) <O0.
a€Yk,|lullxg=p

Then, condition (1) of Theorem [L.8|is satisfied. Set

Bo=max{ s Jul,, sw lul, ).

UEZy, llullxo=1 UEZy, llullxo=1
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In view of Zy41 C Z, one has 0 < i1 < B and by a direct calculation, we have
Br — 0 as k — oo. By (A8) and (A12), for any € > 0 there exists § = d(e) > 0 such
that a.e. x € Q and for any t € R

|G(z,t)] < €lt]” +rd(e)|ul".
Then, by (Al1),

a b 1
J(u) = =||ull? +—u2p—/Gx,udm——/HuT0dx
(u) p|| 1%, 2p|| 1%, A (2, u) o o |ul
a M

p
> ;HUHXO = €llully = ré(e)|ull; — EIIUH’;‘;
a P b 2p M
> EHUHXO + %IIUIIX0 - EHUII?E
a € M
> ;IIUH&, - EHUHQO —ro(e)lull; — EIIUH?{;
a

€ M
> (- — r (5 T T T0 r0 )
= (p lffl)HUHXO r (6)616”””){0 o ﬁk ”uHXO

For every € with 0 < e < %, choose

afi — ep ) = ((am = ep)ro>m%p}
3ré(€)pu1 3y, "\ 3pui M By
Since B — 0 as k — oo, we have |lu]| = vy, — +00 as k — oo. Hence

J(u)

Jeullxy = = min { (

in
UEZk, ||lullxo =7k

> (%= g - ra( (n )y M —bhroy

P 3rd(e)pua o 3ppu1 M
1 _
= 7(M)7£ — 400, ask — oco.
3 b

Then, condition (2) of Theorem is satisfied.
So, its follows that the conditions of Theorem was satisfiled and we have
unbounded sequence which yields that I(u) — +o0o then the proof is complete. [J
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